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1. Introduction

Ranking fuzzy numbers is an important tool in decision making, artificial intelligence, data analysis
and applications. Since the inception of fuzzy set theory by (Zadeh, 1965) and the first paper on ranking
fuzzy numbers by (Jain, 1978) different scholars offered various techniques for ranking fuzzy numbers
by representing the ill-defined quantities as fuzzy sets. Thus several studies have proposed various
methods for ranking fuzzy numbers developed by applying maximizing set and minimizing set of fuzzy
numbers considered to be an important breakthrough in ranking of fuzzy numbers. To minimize the
computational procedure, (Chen, 1985) proposed a method on ranking fuzzy numbers based on
maximizing and minimising set and by using total utility value of fuzzy numbers and this method is
adopted by several decision makers in practical applications. This method has some short comings such
as, the method cannot rank fuzzy numbers having same total utility values and when Xmax. OtXmin.is
changed.To overcome the shortcomings in (Chen, 1985) ranking method, a new method is proposed in
this paper on ranking fuzzy numbers. The process of defuzzification uses the total utility values of the
fuzzy numbers which serves as a criterion for ranking fuzzy numbers. To define the total utility value
of a fuzzy number, a generalized trapezoidal fuzzy number is considered which is treated as a trapezoid
and then it is divided into three parts namely a triangle, rectangle and triangle followed by joining their
respective centroids to form a triangular fuzzy number. The concept of maximizing and minimizing
set is applied on this triangular fuzzy number to define two left and two right utility values along with
decision maker’s optimistic attitude thus defining the total utility value of each generalized trapezoidal
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fuzzy number. The rest of the paper is organized as follows. In Section 2, the basic concepts of fuzzy
numbers are reviewed. In Sections 3, the shortcomings of (Chen, 1985) method are discussed by
considering two numerical examples. In Section 4, the new ranking method is presented and few
examples are dealt elaborately addressing the short comings of (Chen, 1998) method. In Section 5, a
comparative study is made with other existing methods taken from literature and finally the conclusions
are presented in Section 6.

2. Fuzzy numbers

In this Section, the basic definitions of fuzzy numbers taken from (Dubois and Prade, 1978) are
presented in brief.

Definition 2.1: A fuzzy number is defined as a convex normalized fuzzy set A of universal set U such
that

(a) there exists exactly one X, €U called the mean value of A such that I (xm) =1,
A
(b) f. (x) is piecewise continuous.
A
Definition 2.2: A real fuzzy number Aisa fuzzy subset of the real line R with membership function
I (x)possessing the following properties:
A
) f (x)is a continuous mapping fromto the closed interval [O, w], 0<w<l,
A
ii) f. =0, for all — d
(11)fA (x) , for all xe( oo,a]u[ ,oo),
(iii) f- (x)is strictly increasing on [a, b] and strictly decreasing on [c, d],
A

(iv) f- (x) =w,forallx € [b,c], wis a constant and 0<w<1.
A

Here a, b, ¢, d are real numbers and it is assumed that A is convex and bounded (i.e. —0 < a,d <). If

w=11n (iv), A is a normal fuzzy number, and if 0 <w<1 in (iv), A is a non-normal fuzzy number.
The membership function f_ of the real fuzzy number A(Fig. 1) is given by
A
fH(x), a<x<b,
A

w, b<x<c,

X
R, c<x<d,
A

f;(x)=

0, otherwise,

where f*:[a,b]—>[0,w] is continuous, strictly increasing function and f*:[c,d]—>[0,w] is
A A

continuous, strictly decreasing function.

f.{x)a
A
w
ffo | oA At
A A R
0 a b c d X

Fig.1: Fuzzy Number
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Definition2.3: Trapezoidal fuzzy number

If the membership function f_is piecewise linear, then A is said to be a trapezoidal fuzzy number.
A

The membership function f__ of a generalized or non-normal trapezoidal fuzzy number as shown in
A

Fig. 2 is given by
w(x—a)

, <x<b,
b—a
e w, b<x<ec,
- X)=
A w(x—d)’ <x<d,
c—d
0, otherwise.

where 0<w<landa<b<c<deR. A trapezoidal fuzzy number can be simply represented as

A= (a,b,c,d;w) and its image as—A =(—d,—c,—b,—a;w).

@]

A

o
>
v

0 a b c
Fig. 2: Trapezoidal Fuzzy Number
As a particular case ifa <b=c <d, the generalized trapezoidal fuzzy number reduces to a triangular
fuzzy number given by;A =(a,b,d;w)where 0 <w<1. The value of ‘b’ corresponds to the mode or
core and [a, d] is the support of the triangular fuzzy number. Ifw=1, thenA =(a,b,d)is called a

normalized triangular fuzzy number. If b #cthen Aissaidtobea fuzzy interval or a flat fuzzy number

and ifa=b=c=d , then the fuzzy number A is said to be a crisp value.

3. Shortcomings of (Chen, 1985) ranking method

In (Chen, 1985) method, the total utility value of each fuzzy number A= (a,,b,d;w,);1<i<n is
calculated by the following:

(di _xmin) 1 (xmax _ai) (1)
w, (xmax —xmin)—w(b. —d,.) W, W, (xmax —xmin)+w(b,. —al.)

1

N ww
Uj(l) = B
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2 “max

wherex,, =inf L, x,, =supL, L=U. L, L, ={x/f~ (x) >0}, w,=sup, f (x),w=infw,. This
A Ai

method is inconsistent and has led to some misapplications, namely the ranking outcome of fuzzy
numbers changes when Xmax0rxminis changed. These shortcomings are explained by the following
examples:

Example 3.1:

Consider the following sets of fuzzy numbers:

Set 1: A1 =(3,5,7:1), A =(4,5,%;1} As=(2,3,5,1) and As =(8,9,10;1).

Herex,, =10, x, =2,

> ““min

By using Eq. (1), the following are obtained

Ys (Alj Z%{(lo—(;)_—z(l—n +1_(10—(12(;2—3)} =04,

(581_2) +1 (10-4) =0.4.

U,(AZj:% (10_2)_(5_581) (10-2)+(5—4)

As UJ(AIJ = UJ(A:ZJ S A A,

Set 2: A1 =(3,5,7;1), A =(4,5,%;1], As=(2,3,51) and As =(6,7,8:1).

Here, X, =8, X, =2.

> ““min

By using Eq. (1), the following are obtained.
U,(Aljzl -2 (83 ~0.5,
2| (8-2)-(5-7) (8-2)+(5-3)

i)
8 +1- (8-4) = 0.5109.

UJ(/N\Z):% (8_2)_(5_581j (8-2)+(5-4)

As U(A) U,,(A;j:, A <A,

Set 3: A1 =(3,5,7;1), Az =(4,5,%;1j, As=(2,3,51) and As =(10,11,12;1).

Here, X, =12, x; =2.
By using Eq. (1), the following are obtained.

U,(Aljzl[ -2 (223 }:0.3333,

2| (12-2)-(5-7)  (12-2)+(5-3)
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i)
8 1 (12-4) —0.3287.

UJ(AZ)% (12_2)_[5_581]+ (12-2)+(5-4)

As UJ(ANJ >UJ(A2J:A1 >A:2 .

From the above three sets, it can be observed that the fuzzy numbers A and A, are identical in all the

three sets but, the rankings of A1 and A are different. This means that when some new fuzzy numbers
are introduced into the given set of fuzzy numbers which change the values of xmar.andxmin., the ranking
method proposed by (Chen, 1985) failed to rank fuzzy numbers.

Example 3.2: (Wang and Luo, 2009) pointed out that when fuzzy numbers have same left, right or
total utility values, (Chen’s method, 1985) failed to rank them. This can be seen from the following
example.

Consider two normal triangular fuzzy numbers A; = (3,6,9:1), A= (5,6,7;1) cited from (Chou et al.,
2011).Here,x, =12, x . =2.

By using Eq. (1), the following are obtained.
UJ(Al)zl -3 03 ~05,
2 (9—3)—(6—9) (9—3)+(6—3)

UJ(AZJJ[( 0=3) (=) }:0.5.

2| (9-3)-(6-7)  (9-3)+(6-5)

As UJ(ANIJ = UJ(A:zj = 13;1 = AN2 .
From the above example it can be concluded that (Chen, 1985) ranking method failed to discriminate
fuzzy numbers having same utility values.

4. Proposed Method

To address the shortcomings of (Chen, 1985) ranking method, a new revised method of ranking fuzzy
numbers based on maximizing and minimizing set on triangular fuzzy numbers formed from
generalized trapezoidal fuzzy numbers is presented. In this method, treating a generalized trapezoidal
fuzzy number as a trapezoid, the trapezoid is divided into three plane figures namely a triangle,
rectangle and a triangle (Fig. 3). The centroids of these plane figures are joined together to form a
triangular fuzzy number, and the concept of maximizing set and minimizing set is applied on this fuzzy
number. This method uses two left and two right utility values taken along with decision maker’s
optimism to define the total utility value of each fuzzy number, which serves as a criterion for ranking
fuzzy numbers. The revised method can rank fuzzy numbers effectively when a new fuzzy number is
added or removed to the set of fuzzy numbers which may change the values of xmax.0rxmin.and even
when the total utility values of fuzzy numbers are identical.

Consider n generalized trapezoidal fuzzy numbers Ai =(a,,b.c,d;w),i=1,2,3,..,n 0Sw <1 A

triangular fuzzy number (Fig. 3) is formed by treating the trapezoidal fuzzy number A . as a trapezoid
(APQD) and dividing it into three parts, a triangle(APB), rectangle(BPQC) and a triangle(CQD) and
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then by joining their respective centroids G, = (%‘2&,%} , G, = (bi TG W’] and

G, = 26, +d; ,ﬁ . This is denoted by
’ 373

A’f‘_ a,+2b b+c, 2c+d, w, )
’ 3727 3 72
A
Fe Fu
A . . A
\\\N‘\~ \\
Un1 \\‘\\ M:1 G
UM/
UN2/ / / X Tl
Uvz 0 Xen A P @ v X X
N> N
Fig. 3: Maximizing set and minimizing set of fuzzy number
The left membership function of the newly formed triangular fuzzy number A; is
x—a,—b +c, 3)
yE=w| "
3¢, —2a; - b,
The right membership function of the newly formed triangular fuzzy number A; is
x+b,—c, —d, “4)
yEw| o
3b,-2d, —c,
The membership functions of the newly formed triangular fuzzy number A; is
w x—a,—b +c ;a,.+2bi§x§b,.+c,.’
' 3Ci —261[ —bl. 3 2 (5)
w, b +c,
~(x)=1——; xX=——"
" x+b,—c —d, ;bi+ci£xs2ci+di’
"\ 3b,-2d, —c, 2 3
0; otherwise.

The maximizing set G and the minimizing set H on these triangular fuzzy numbers are:
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w (x_xmm) p.
Fi(x)= {Em} in X = s (6)

0; otherwise.

w (x_xmaX) p.
Fy(x)= { )} Hiain % % T 7)

0; otherwise.

Here x,,, =inf 7, x_ =supTandT =U"_,T,, where T, = {x/fN (x) > 0} , w=inf w, and
Al
w, =sup f_ (x), the constant p varies depending on the application. p =1represents a risk-free
X Ai

membership function, p =2 represents a risk-prone membership function and p =1/2 represents a
risk-averse membership function. Throughout this paper, p =1 is considered.

In Fig.3, the maximizing set [y intersects the right membership function f*(x)and the left
A.

membership function £ (x) of the fuzzy number A, in points /N, and N, whereas the minimizing
A

set [y intersects the left membership function f* (x) and right membership function f*(x) of the
A A

fuzzy number A."in points M, and M, respectively.

*

This method defines two right utility values of each fuzzy number Ai; i=12,..,nas

- ( < j 8)
Uy, (Ai)=sup| F;; A [ (x)

~" )
Uy, (A)= sup(FH AL (x)]
X A;
and two left utility values of each fuzzy number l;ki ;i=1,2,...,nas
ot (10)
Uy | Ai |= sup(FH A fh (x)j
x Ai
. ) (11)
Uy, (Ai)=sup| F; A f2(x)
x A
Therefore,
- WWi xmin +bi _ci _di (12)
UNI (Ai)= ( )
W(3bz - Ci - 2d1 ) - 2Wi (xmax - xmin )

= ww, (x,.. +b,—c —d, (13)
UMZ(Ai) ( )

) W(3bz _Ci _2di)_2wi (xmin _xmax)
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*

~ WW, (X, — @ —b +¢, (14)
UM1 (Ai)= W ( )

(3Ci _2ai —bl-)—ZVVi (xmin _xmax)

U (A*)— wwl.(xmm—ai—bi+ci)
N l_w(3ci—2ai—bi)—2wl_(x —xmin) (15)

max

*

The total utility value of each fuzzy number A; with index of optimism £ is defined as
ﬂ - * 1 - * W . * - * W - *
UT A; :E ﬂ UNl A; -I-E—UM2 A +(1—ﬂ) UNZ A +E—UM1 A (]6)

ww,.(x +bl.—c,.—dl.) v
w(3b1 _ci _2di)_2wi (xmax _xmin) 2
W, (X0 +b,—¢, —d,)

~* _w 3b—c.—2d.)-2w (x . —x (17)
Uf(A,j:l ( i i l) l( min max)
2 ww; (‘xmin —4a; _bi +cz)
W(3C[ _2ai _bi)_zwi (xmax _xmin)

min

(1_ﬁ) w wwl.(x —ai—bl.+cl.)

2 w(3¢,—2a,—b,) = 2w, (X, = Xpnay )

1 1

max

The index of optimism £ represents the degree of optimism of a decision maker and larger values of

5

3 represents a higher degree of optimism. In particular, when 8 =0, U { A, J represent a pessimistic

*
*

decision maker’s view point of A;, conversely, when =1, U] ( A; J represent an optimistic decision

*
*

maker’s view point of Ai. When8=0.5, U)? ( Al} represent a moderate decision maker’s view

*
*

point of Ai . The larger the value of U/ [ A J is, the higher is the ranking order of the fuzzy number

*

A ; and hence the fuzzy number A ;-

For triangular fuzzy numbers A . =(a,,b,,d,;;w,), the newly formed triangular fuzzy numbers are
A:: a,+2b, , 2b+d; w (18)
3 3 2

sYis 5

*

and the total utility value of each fuzzy number A,-; i=1,2,...,n is given by
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WWi (‘xmin - dz)
2 [W(b! - di ) - Wi (xmax _'xmin ):|
WWi ('xmax - di )

“2[w(b—d,) =W, (o =X )]

+

w
2

+

WWI’ (xmin B a[ ) + E

(1-5)

Z[W(bi = ;) =W, (X = X )} 2

WW[ (xmax - a[ )

4.1 Numerical Examples

- 2[w(b,. =) =W, (X i = X )}

419

(19)

To demonstrate the new method, the following examples cited from different works are considered.

Example 4.1.1

Consider two triangular fuzzy numbers Al = (3,5,7;1)and As= (4, 5,%1 ;1) taken from (Chen, 1985)

having same mode and different spreads as shown in Fig. 4.

Here x_ =7,x. =3, w=Lw=w,=1 and the corresponding triangular fuzzy numbers are:

> ““min

A] =(£,5,1—7;0.5j and ;‘;2 =(
3 3

M5 Bhos
324

0 1 2

3 4 5

6 51/8 7

»
»

X

Fig. 4:Diagrammaticrepresentation of fuzzy numbers for Ex. 4.1.1

By using Eq. (19), we get the total utility value of each triangular fuzzy number as:

Ut [Azj ~0.164158+0.1833,U7 [A]]z 033333 +0.0833

The comparison of fuzzy numbers by decision maker is presented in Table 1.

Table 1
The comparison of fuzzy numb

ers by decision maker

Decision maker’s o0 e Ranking
optimism Ur | A Ur | Az
£=0 0.0833 0.1833 A <A =A<A
p=1 0.4166 0.3474 Al-A=A A
p=0.5 0.2499 0.2653 A <A =AI<A
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From Table 1, it can be seen that a pessimistic decision maker( p= O) ranking outcome is A< As ,an
optimistic decision maker ( p= 1) ranking outcome is A1 = A» and a moderate decision maker

(ﬂ = 0.5) ranking outcome is AI<As.
Example 4.1.2

Consider the following triangular fuzzy numbers Al = (3,6,9:1), A= (5,6,7;1) taken from (Wang
and Luo, 2009) having same mode and symmetric spreads as shown in Fig. 5.
Here x_ =9,x. =3,w=1Lw =w,=land the corresponding triangular fuzzy numbers are

-t - (17 19
Al :(5,6,7;0.5)andAz z(?,@?;O.SJ.

A

0 1 2

Fig. 5: Diagrammatic representation of fuzzy numbers for Ex. 4.1.2

By using Eq. (19), we get the total utility value of each triangular fuzzy number as:
U’ (Al ] =0.33335+0.0833, U/ (&j =0.08578+0.2071

The comparison of fuzzy numbers by decision maker is presented in Table2.

Table 2
The comparison of fuzzy numbers by decision maker
Decision maker’s s o 7 Ranking
optimism Ur| A Ur| Az
£=0 0.0833 0.2071 ~FRr .
Al<A =A< A
=1 0.4166 0.2928 ST L .
A -A= A > A
£ =05 0.2499 0.2499 : :

;\1 z;‘xz :>;\1z;\2

From Table 2, it can be seen that a pessimistic decision maker ( p= 0) the ranking outcome is A< As
, an optimistic decision maker ( p= l)ranking outcome isA; = A, and a moderate decision maker

(8=0.5)ranking outcome is A~ As.
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Example 4.1.3

Consider a normal and two non-normal fuzzy numbers Al=(3,5,7;1),Az=(3,5,7;0.8)and

A3 = (6,7,9,10;0.6) taken from (Chen, 1985) as shown in Fig. 6.

=3, w= inf{l,0.8,0.6} =0.6,w, =Lw, =0.8,w, =0.6 and the corresponding
triangular fuzzy numbers are:

Alz E)5,2;()-5 A2= 25532;0'4 A:;: §J8’§;0'3
3773 3°°3 3

Herex, , =10,x

min

3
A
1 AI
0.5 A>
o6 . ____ 7/_'____\_\_\ ___7|____A3___'\
, N / | \
e SN\ /) \
/. N I : \
N\ AN
b1 2 4 4 5 g N7 19 10—%
Fig. 6: Diagrammatic representation of fuzzy numbers for Ex. 4.1.3
By using Eq. (19), we get the total utility value of each triangular fuzzy number as:
U’ (Al j =0.12364+0.1219, U* {Azj =0.11228+0.1265
By using Eq. (17) we get the total utility value of the third triangular fuzzy number as:
U’ [Asj =0.25454+0.2182.
The comparison of fuzzy numbers by decision maker is presented in Table 3.
Table 3
The comparison of fuzzy numbers by decision maker
Decision maker’s o0 o = o 7
Optimism UT Ay UT A» UT As; Ranking
£=0 0.1219 0.1265 02182 Ai<A<Ai=AI<A<A3
p=1 0.2455 0.2387 0.4727 A <AI<As =A< A< A3

p =05 0.1837 0.1826 0.3454 A <A <A =A< A< A
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From Table 3, it can be seen that a pessimistic decision maker ( = 0) ranking outcome is
A< Az < As , an optimistic decision maker ( = 1) ranking outcome is A> < As < Asand a moderate

decision maker (,B = 0.5) ranking outcome is As < Ai < As.
Example 4.1.4

Let us consider the following sets of fuzzy numbers where X_,, or X_, varies.

Set 1: LetA =(3,5,7;1), As =(4,5,5§1;1j, As =(2,3,5;1) and As =(8,9,10;1)be four triangular

fuzzy numbers as shown in Fig. 7.

Here, X, =10, x; =2, w=1, wy =w, =w; =w, =land the corresponding triangular fuzzy numbers

are:
A= s 05) Av=[22 58 05) Av=[ 83105 andan=[28.0.28.05).
3 3 3 24 373 3 3
A
III/ \\\\ // \\
- , \ / \ "
A1 ,’ \\ / \ A4
/ N / \
: .. ,’ \ / \
- Tk \\ / \
A Ay \ / \
B ” \ / \
i , ., ' / \
T va &) 4 5 6 7 & 9 10 >

Fig. 7: Diagrammatic representation of fuzzy numbers for Ex. 4.1.4 - Set 1

By using Eq. (19), we get the total utility value of each triangular fuzzy number as:

*

Ut (A1j=0.15ﬁ+0.1, U’ [Azj=0.0751ﬁ+0.1547

U’ (Agj =0.08894 +0.0277and U/ (&] =0.06343 +0.4087

The comparison of fuzzy numbers by decision maker is presented in Table 4.

Table 4

The comparison of fuzzy numbers by decision maker
Decm(:n U [A:] Uf[AZ] Uf{/;;j Uf[A:] Ranking
maker’s
optimism
p=l 0o S RS As< A< Az <As= A< A < A < As
ﬂ=1 0.25 0.2298 0.1166 0.9444 As < Al < Az < A4 = Az < Al < Az < Azt
p=0.5 0.175 0.1922 0.0721  0.8809 ottt

A3-<A1-<A2-<A4:>A3-<A1-<A2-<A4
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Set 2: Let A =(3,5,7:1), A= (4 5, 581 lj As=(2,3,51) and As =(6,7,81) be four triangular

fuzzy numbers as shown in Fig. 8.

Here, X, =8, X, =2, w=1, W =w, =w;, =w, =land the corresponding triangular fuzzy numbers
are:
(13 1 14 _ 131 " 11 =7 (20 22
Al = —3,5,—7 0.5 Az =l — 5,i;0.5 JAs = §,3,—;0.5 and A4 = —0,7,—;0.5 .
3 3 3 24 3 3 3 3
A
. //I \\\\ / \\\
. II’ \\\\ /A4 \\
; R // \\
iAs Ay N ) \
/ ) \ \
H / N \
4 —1': - lll - \l o O 4-£ WA
1 Z ) a4 o) o) o J IU A"

Fig. 8: Diagrammatic representation of fuzzy numbers for Ex. 4.1.4 - Set 2

By using Eq. (19), we get the total utility value of each triangular fuzzy number as:

U’ [Al

5

j: 0.187555 +0.1562,U” [Azj =0.10338+0.2071

5

U’ [ASJ =0.12058+0.0351and U/ (/Lj =0.08573+0.3786 -

The comparison of fuzzy numbers by decision maker is presented in Table 5.

Table 5
The comparison of fuzzy numbers by decision maker

Deusw,n 0 [A:J U’ (A;J U’ [A;j U’ (A:J Ranking

maker’s

optimism
p=0 0.1562  0.2071  0.0351  0.3786 A} . A1 . Az <A4 o i Pt 2 Por e
p=1 0.3437  0.3104 0.1562  0.4643 A; <A1 <A2 <A4 A< A< A< As
£ =05 0.2499  0.2587  0.0953 0.4214 Mot/ <Az <A4 e <t Pt ot

~ ~ 51 ~
Set 3: Let A 2(3,5,7;1), As = (4 5,— 2 lj As = (2,3,5;1) and A4 :(10,11,12;1) be four triangular
fuzzy numbers as shown in Fig. 9.

=8, x;, =2, w=1, w; =w, =w; =w, =land the corresponding triangular fuzzy numbers

Here, X,

arc:

’mm

131

A=B57.05] A, =12 5 1B,
37773 3

24

0.5 A3 8 3105  and Av=[ 2112405
37773 3773
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=

\
T 2 3 z 6 7 8 9 10 T 12 X
Fig. 9: Diagrammatic representation of fuzzy numbers for Ex. 4.1.4 - Set 3

U’ LA3J =0.0718+0.0227 U’ LA4J =0.0505 +0.4267 .

The comparison of fuzzy numbers by decision makers is presented in Table 6.

Table 6
The comparison of fuzzy numbers by decision makers
Dec1s10,n U (A:j o (A’;J o (AZ] o (A:J Ranking
maker’s
optimism
p=0 0.0937 0.1237 0.0227 0.4267 A< A < Ay < As o> A < A< s < AL
p=1 0.1978 0.183 0.0937 0.4772 A< A < Ar < Ae o> Ay < AL As < A
£ =05 0.1457  0.1533  0.0582  0.4519 T2 S s 2 P o 2 St ot 2

From Tables 4, 5 and 6 it can be concluded that the shortcomings of the (Chen, 1985) method have
been overcome by the new method. Throughout the Sets 1, 2 and 3 a pessimistic decision maker

( p= 0) , an optimistic decision maker ( p= 1) and a moderate decision maker ( p= 0.5) ranks the fuzzy

numbers Ai, Az, As and AsasAs < A < As < As. The results of this example show that when xmax.

orxmin.are varied, the ranking outcome of the fuzzy numbers do not alter.

Example 4.1.5

Consider two trapezoidal fuzzy numbers A, = (0, 0.4,0.6,0.8 ;l)and A, = (O. 1,0.6,0.7,0.8 ;l)with ZEero

inside the support cited from (Chen and Chen, 2007)
Here xmax= 0.8 and xmin= 0, w =1, w, = w, =1and the corresponding triangular fuzzy numbers are:

A= [%,0.5,3; o.sj,/&z E (2,0.65,H; o.sj .
3 3 3 3
By using Eq. (17), we get the total utility value of each triangular fuzzy number as:

*

Uf(&] — 0.4286 + 0.74583, Uf(Az] ~0.1121+0.39773.

The comparison of fuzzy numbers by decision makers is presented in Table 7.
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Table 7
The comparison of fuzzy numbers by decision makers

Decision - o Ranking
’ U}H Ay Uf.f A
maker’s
optimism
B=0 -0.4286 0.1121 N
Al <A = A <A
p=1 0.3172 0.5098 .

1’;1 < Az = Al < ;\2
£=0.5 -0.0557 0.3109 L - -
Al <A = A <A

From Table 7 it can be concluded that a pessimistic decision maker( p= O) , an optimistic decision
maker ( p= 1) and a moderate decision maker ( p= 0.5) ranks the fuzzy numbers ANl andA~2 as
A:l < A:z .These results are in coincidence with that of (Yager, 1981) and (Yao and Wu, 2000).

Example 4.1.6

Consider the fuzzy numbers A, = (-0.5,—0.3,-0.1;1) and A, =(0.1,0.3,0.5;1) with negative
support cited from (Lee and Chen, 2008).
Here xmax= 0.5 and xmin= 0.1, w = 1,w, = w, =l and the corresponding triangular fuzzy numbers are:

A= 03297 05), A, =( 27 031 05,
3 3 3 3

By using Eq. (19), we get the total utility value of each triangular fuzzy number as:
Uf([‘u} =-0.9167 +0.6667 3, Uf[Az] =0.0833 +0.6667 4.

The comparison of fuzzy numbers by decision makers is presented in Table 8.

Table 8
The comparison of fuzzy numbers by decision makers
Decision = = Ranking
9 U}B Al Uf Az
maker’s
optimism
£=0 -0.9167 0.0833 B
Al <A = A <A
=1 -0.25 0.75 S

;‘xl <A2 3;\1 <A2
£=0.5 -0.5833 0.4166 =% = =~ ~
Al <A = A <A

From Table 8 it can be concluded that a pessimistic decision maker( p= O) , an optimistic decision
maker ( p= 1) and a moderate decision maker (/3 = 0.5) ranks the fuzzy numbers A, andA, as

Al < Az . These results are in coincidence with that of (Yager, 1981) and (Yao and Wu, 2000).
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As — A:l =(0.1,0.3,0.5;1)= A:z and — AN2 = (— 0.5,-0.3,-0.1;1)= AN1 , we can conclude that if lil < sz
then —A:z -<—A:1 .

5. Comparative study

In this section, the new method is compared with four sets of fuzzy numbers taken from Yao and
Wu(2000). The ranking outcomes are compared with few existing methods in literature like (Yager,
1981; Chen, 1985; Chu &Tsao, 2002; Fortemps&Roubens, 1996; Yao & Wu, 2000; Chen & Chen,
2009;Abbasbandy&Asady, 2006). A comparative statement showing the ranking outcomes of various
ranking methods and the new method is presented in Table 9.

Set1: A, =(04,05,1:1), A, =(0.4,0.7,1;1) and A, =(0.4,0.9,11)
Here, X, =1 x; =04, w=1, wy =w, =w; =land the corresponding fuzzy numbers are
A=(12 05205 A =(18.07.2%.05) A =[ 22002805,
3 3’ 3 3 3 3
By using Eq. (19), we get the total utility value of each triangular fuzzy number as:

U’ (Al ] =0.0357+0.35063 Uf(&z ]: 0.0833+0.333343, U/ [&] =0.1136+0.35063

Set2: A, =(0.3,04,0.7,0.91), A, =(0.3,0.7,0.9:1) and A, =(0.5,0.7,0.9;1)

Here, X, =09, x. =03, w=L w =w,=w;=land the corresponding fuzzy numbers are
A= L 23050 A =[ 170722005 ) A= 12,07.22505 ).
323 3 3 3 3

By using Eq. (17) and Eq. (19), we get the total utility value of each triangular fuzzy number as:

* *

Ut [A]: ~1.0543-0.01564, U’ [Azj =0.1+0.33758 and U [A;j =0.25+0.18754.

Set3: A, :(0.3 0.5,0.7:1), A, =(0.3,0.5,0.8,0.9;1) and A, =(0.3,0.5,0.9;1)

Here, X, =09 x. =03, w=L w=w,=w;=1and the corresponding fuzzy numbers are

> “min

Alzﬁ,osnos A = 22205 As=[1205 1205,
3 3 3 23 3 3
By using Eq. (17) and Eq. (19), we get the total utility value of each triangular fuzzy number as:

v’ (Al ] =0.0625+0.187543, U’ [AQJ =1.57-2.6243p3 ande(Aa] =0.0625+0.33755.

Set4: A, =(0.0,0.4,0.7,0.8;1),A, =(0.2,0.5,0.9;1) and A, =(0.1,0.6,0.8;1)

Here, x_, =09, x_ . =00, w=1, wj=w,=w;=land the corresponding fuzzy numbers are
A= 28 LL220 5] An=[ 12051 2005] A <[22, 0.6.2:05).
323 3 3 3 3

By using Eq. (17) and Eq. (19), we get the total utility value of each triangular fuzzy number as:
Ut (Alj_l 6753413785, U/ (AQJ 0.49804+0.375 and U/ (Az] =0.38723+0.3303
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Methods Set 1 Set 2 Set 3 Set 4
(Yager, 1981) A< A2 <A Ai< Az <A; A< As <A A< Az~ As
(Chen, 1985) Al<Ar<As  AI<Ar<As  AI<Ai<A:  AI<A:<A;
(Chu and Tsao, 2002) Ar<Ar<As  Ai<Ar<As  Ai<Ai<A:  AI<A:<A;
(II;(;rgmps and Roubens, A< A< As N A< A< Al A Al
VeomdWo2000)  A<Ai<h  AixAixh A<hi<h Ai<Aish
opusbandy nd AR,y pus A A<A ASAA A< As=AS
Chenand Chen 2009y A1<Ar<Ar  Ai<hi<hs  Ai<hi<h Ai<hi<A
New Method
B=0 A< Az < As A< Az < As pzleNs<A:2 A< As< A,
f=1 Al<Ar<As  Al<ArxAs Ar<Ai<As AI<As<A;
05 M<hi<h  Ai<Ai<A A<h<Ai A<A<As

6. Conclusions

This paper proposes a new method on ranking fuzzy numbers which improves (Chen’s, 1985) ranking
method. This method considers the triangular fuzzy numbers formed by centroids obtained by splitting
generalized trapezoidal fuzzy numbers into three parts and finds two left and two right utility values of
the triangular fuzzy numbers clubbed with the decision maker’s optimistic attitude to define a total
utility value which serves as a criterion for ranking fuzzy numbers. This method is more consistent
with human intuition than (Chen’s, 1985) ranking method and can efficiently rank various types of
fuzzy numbers like normal, non-normal triangular and trapezoidal fuzzy numbers. This method can
rank fuzzy numbers effectively when Xmax.0r xmin.1s changed and it can also rank fuzzy numbers having
same left, right or total utility values in an effective manner.
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