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 When a structure is influenced by the earthquake external force, some energy imposed to the 
structure is dissipated and remained energy causes structure displacements. Dissipated energy 
in the structure depends on the type of structure and its optimal engineering design. In any 
typical structure, the type of connections, stiffness of structure, dampers, place of windfall and 
damper and other factors play significant role in the amount of dissipated energy. This article 
introduces a new resilience factor which is a function of energy dissipation factors of input 
seismic energy. Mathematical equations are presented for this factor and its limits are 
determined for different periods. The applicability of the proposed factor is also investigated 
for two typical structural examples. 
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1. Introduction 
 

      When a structure exposes to the seismic force, it sweeps with descending, ascending or monotonic 
movement.  Free vibration of a structure equipped with the damper in an optimal place will approach 
to zero in descending path. But a structure without any external damper reduces due to vibrational 
movement in any time interval like  ൫݆ሺ௜ିଵሻ ሺܶ௜ିଵሻ௡, ݆௜ ௜ܶ௡൯ such that i=1: k and ݆ ଴ ଴ܶ௡ ൌ 0 are the structure 
stiffness. The amplitude of vibration in this case has ascending trend in general. But for a structure 
containing external damper, the amplitude of vibration cannot approach to zero because by reducing 
the stiffness of the structure in each time step, at the end of each step, there is a sudden increase in 
amplitude which we call it jump or resilience range. The governing movement equation of a structure 
with single degree of freedom in its first vibration step is written as:  

ሻݐଵሺݑ ൌ ܣ sin߱ଵ௡ݐ ൅ ܤ cos߱ଵ௡(1) ݐ 
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      Assume that a structure in interval ሺ0, ݆ଵ ଵܶ௡ሻ with stiffness constant ܭଵ௡ ൌ M߱ଵ௡
ଶ  is vibrating such 

that at the end of ݐ௙ ൌ ݆ଵ ଵܶ௡ the stiffness of the structure suddenly reduces from K1n to K2n. In this case, 
motion Eq. (1) loses its validity and the following new vibration equation should be used for ݐ ൒  ௙ݐ

ሻݐଶሺݑ ൌ ᇱܣ cos߱ଶ௡ݐ ൅ ᇱܤ sin߱ଶ௡(2) ݐ 

      In order to determine A' and B' from Eq. (2), continuity of time-displacement curve is studied such 
that ݑଵ൫ݐ௙൯ ൌ ଵݑ௙ሻ andݐଶሺݑ

ᇱ ൫ݐ௙൯ ൌ ଶݑ
ᇱ ሺݐ௙ሻ. By determining factors A' and B', we see that amplitude of 

second phase vibration is: 

ඨሾݑ଴ሿଶ ൅ ሾ
଴ݑ
ᇱ

߱ଶ௡
ሿଶ 

 

(3) 

        As expected, the range of second phase vibration is dependent only on the natural frequency of 
second vibration. Regarding the reduction in the stiffness of the structure in this phase, the amplitude 
of vibration is increased. Fig. 1 shows the vibration of one dimensional system without and with 
damper.  

 
  

(a) (b) 
Fig. 1.  Amplitude of one dimensional vibration system (a) without and (b) with damper (Hosseini et al., 2014)  

      According to the above discussion since the system under vibration loses its primary stiffness over 
the time, a suitable system for energy dissipation (caused by vibration in the structure) should be 
defined instead of reduced stiffness. Hence, a damper system is introduced here as an alternative for 
reduced stiffness in structure. A damping coefficient was obtained that could be a suitable alternative 
for reduced stiffness in different vibration phases such that in each vibration phase, a damper with 
specific damping coefficient is entered in the structure system and replaced with the reduced stiffness. 
This coefficient is defined such that it ignores the effects of reduced stiffness in the structure. Eq. (4) 
explains the relation which shows the equivalent damping coefficient with reduced stiffness (Hosseini 
et al., 2014). 

∗ܣ െ ஽ܣ ൌ 0  

∗ܣ ൌ ඨሾݑ଴ሿଶ ൅ ሾ
଴ݑ
ᇱ

߱ଶ௡
ሿଶ 

 

(4) 

஽ܣ ൌ ටሾݑ଴ሿଶ ൅ ሾ௨బ
ᇲାకఠభ೙௨బ
ఠభವ

ሿଶ            

where A* is vibration amplitude of second phase and AD is the amplitude of first phase for a system 
with damping coefficient of ߦ.  

        Dissipated energy in any given structure under seismic loads induced by earthquakes depends on 
the type and design of structures and some researchers have focused on design of suitable dampers or 
energy absorbers for buildings and structures to resist against earthquake (Sugisawa & Saeki, 1995; 
Constantinou et al., 1998; Garcia, 2001; Lavan & Levy, 2006). Indeed, the type of connections, stiffness 
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of structure, dampers, place of windfall and damper and other factors have significant role in the amount 
of dissipated energy. In this paper a new jump (resilience) factor (which is a function of energy 
dissipation factors of input seismic energy) is introduced and its practical applicability is investigated 
for two typical structural examples. 

2. Introducing jump factor for elastic structure  

      Consider an elastic ball which is released from a certain height. When a ball hits to the ground, 
because of contact and clash with the earth, part of its active mechanical energy dissipates and the ball 
jumps again after collision (Fig. 2). If we show the relative speed of ball before clash with the ground 
with Vi and re-jump speed from the ground surface with Vj, in this case, the speed before and after clash 
is called jump factor, which is defined as: 

݁ ൌ ฬ ௝ܸ

௜ܸ
ฬ 

(5) 

  

Fig. 2. Clash and jump of elastic body  
       If we assume that in these collisions, the nature of elastic body does not change, in all collisions 
the ratio of body speed after clash to its previous speed is e. in fact, if the body sweeps 2n times, jump 
(or resilience) factor is constant in n collision.  

݁ଵ ൌ ݁ଶ ൌ ⋯ ൌ ݁௡ ൌ ݁ ൌ ฬ
௝ܸ௡

௜ܸ௡
ฬ 

 

(6) 

௜ܸ௡ ൌ ݁௡ିଵඥ2݄݃							,				 ௝ܸ௡ ൌ ݁௡ඥ2݄݃  

where h, is the height of first fall. But why the speed of body reduces after hitting the ground and jump 
speed, is e. This is due to sudden reduction of mechanical energy in the clash moment. We can say that 
if the active energy of the body before clash was Π௜ and after separating from the surface isΠ௝. In this 
case, dissipated energy in the clash moment is:  

Π ൌ Π௜ െ Π௝ (7) 

      Because releasing the energy is in kinetic form and by assuming constant nature of body, we can 
write:  

Π ൌ
1
2
݉൫ ௜ܸ

ଶ െ ௝ܸ
ଶ൯, 

(8) 

where m is the mass of structure. Energy term in Eq. (8) is dissipated energy in the clash moment. This 
energy is dissipated as thermal and energy caused by contacts. For larger the contact surface of mass, 
more energy is expected to dissipate. This is because due to consistency of molecules, a body with 
larger contact surface needs more energy to separate its contact surface; therefore, more energy will be 
dissipated.  

      After brief introducing the jump factor, the optimization of this factor is explained here. since the 
effect of jump factor is on the after clash speed, therefore, if we assume that the ball stops after n 
clashes, in this case, sum of the amplitudes of the ball is:  
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෍݄௞ ൌ ݄ଵ ൅ ݄ଶ ൅ ⋯൅ ݄௡

௡

௞ୀଵ

 
(9) 

where ∶ 	 ݄௞ ൌ ݁ଶ௞ିଶ݄ (10) 

൫ܨ ௜ܸ, ௝ܸ൯ ൌ ݄ሾ1 ൅ ݁ଶሿ ൌ ݄ሾ ௜ܸ
ଶ ൅ ௝ܸ

ଶ

௜ܸ
ଶ ሿ 

 

     According to Eq. (10), sum of the passed amplitudes is function of speed before clash and the first 
speed after clash. Now, using Eq. (8) and Eq. (10), the dissipated energy is maximized such that sum 
of amplitudes passed by body in (h, 2h) interval. Using Lagrange theory, Lagrange function  
,ߤ൫ܮ ௜ܸ, ௝ܸ൯ ൌ Π ൅ ܨሾߤ െ  By solving Eq. (11), the jump .ߤ ሿ  is defined by Lagrange coefficient݄ߙ
factor can be expressed as:  

ە
ۖۖ
۔

ۖۖ
ۓ
ܮ߲
߲ ௜ܸ

ൌ 0

ܮ߲
߲ ௝ܸ

ൌ 0

ܮ߲
ߤ߲

ൌ 0

 

 

 

(11) 

       As stated before, when an elastic body is in elastic clash with another body, a part of mechanical 
energy dissipates during contact and jump due to the contact of surfaces. The larger the contact surface 
or interface, dissipated mechanical energy will reduce more. Now, assume that elastic body has general 
surface form of ݓ ൌ ݂ሺݔ, ,ݕ ሻ and contact surface is smooth with normal ሬܰሬԦݖ ൌ ሺܽ, ܾ, ܿሻ (as shown in 
Fig. 3). 

  

Fig. 3. Clash of elastic curved body with smooth surface (Hanson & Soong 2001) 

       According to Fig. 3, a contact surface is created during the clash and the larger contact surface, 
dissipates more mechanical energy. In fact, function Π will increase by increasing the contact surface. 
Eq. (14) shows the common clash plate in macroscopic dimensions.  

ߎ			ݔܽ݉ ൌ ௜ߎ െ   ௝ߎ

.ݏ ݕ݀	ݔ඾݀				.ݐ ൌ   (12)		Γ	ݎ݋ݐ݊ݑܿ	݊݋				௠௔௫ܣ

where Γ is contour of contact surface that is determined from: 

൜
݂ሺݔ, ,ݕ ሻݖ ൌ 0																
ݔܽ ൅ ݕܾ ൅ ݖܿ ൅ ݀ ൌ 0

 
 

:Γ	݁ݒݎݑܿ ݂ ൬ݔ, ,ݕ
െ݀ െ ݔܽ െ ݕܾ

ܿ
൰ ൌ 0 

(13) 
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      For example, if f is a homogenous sphere with volume density ρ ad radius R, the common contact 
surface of clash is:  

ଶݔ ൅ ଶݕ ൅ ሺ
݀ ൅ ݔܽ ൅ ݕܾ

ܿ
ሻଶ ൌ ܴଶ 

(14) 

Γ௞ ∶ ݁௞ሾݔଶ ൅ ଶݕ ൅ ሺ
݀ ൅ ݔܽ ൅ ݕܾ

ܿ
ሻଶ െ ܴଶሿ 

(15) 

      As a practical application of above discussion for modeling the earthquake waves, spherical waves 
caused by earthquake in ground is considered. Since 1980s, reflective vibrational concepts have found 
widespread application in survey of depths below than 200m and especially, lower than 50m (Uang & 
Tsai, 2004). Huygens ' Principle is important for understanding the dissipation of seismic waves in 
layered lands and areas (Uang & Tsai, 2004; Yang et al., 200). According to this principle, each point 
on the wave front can be considered as a secondary source of spherical waves. New wave front is like 
a cover of these waves after an interval. Fig. (6) is a view of emission of spherical waves and formation 
of wave fronts. In fact, wavelength of these waves is equal with the radius of spherical waves and this 
concept can be explained in terms of Eqs. (12-15). 

 

 

Fig. 4. Formation of spherical waves and wave 
fronts (Soong & Spencer 2002) 

Fig. 5. Equivalent structure with a simple one-
degree of freedom pendulum 

     When a wave clashes with the separating plate of two environments with different elastic 
characteristics, some of interface energy will reflect and the rest will pass from the interface and enters 
a new environment. Reflected and transferred energies depend on the speed of spherical waves and 
density of both environments. Now, if we consider spherical waves that release from one point as 
spherical body in clashing with the ground, in this case, impedance coefficient for seismic wave is 
equal with jump factor in elastic clashing of a spherical body. Also, in clashing spherical waves to 
interface of two layers, some of the wave energy reflects and the rest emits in the next layer. Dissipated 
energy is equal with dissipated mechanical energy of spherical body in clashing with the ground.  We 
showed earlier that the larger the contact surface, the dissipated energy increases. Therefore, in order 
to reflect more energy, we should increase the area of clash plate.  

3. Modelling jump factor in vibrational behavior of structures  

       Consider a structure which sweeps under free vibration. As shown schematically in Fig. 5 a pinned 
structure is assumed to have one degree of freedom in horizontal direction and the mass of the floor (or 
structure) is centralized at a single point. Accordingly, the vibration of structure is similar to the 
vibrational movement of a pendulum. The mass of pendulum is equal with the mass of floor and its 
basic stiffness is equal with the stiffness of the structure. Considering intrinsic damping in the structure, 
the pendulum vibrational motion will be as indicated in Fig.5. 

       The pendulum vibrational motion is similar to sweep and jump of spherical body in clash with the 
ground. By ignoring the stiffness reduction in the pendulum base during vibration, the vibrational 
response of pendulum can be expressed by the following differential equation: 
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ሷݑܯ ൅ ݑܭ ൌ 0  

→ ሻݐሺݑ ൌ ܣ cosඨ
ܭ
ܯ
ݐ ൅ ܤ sinඨ

ܭ
ܯ
 ݐ

(16) 

        Regarding the concepts of jump factor for elastic factor, by assuming that the range of pendulum 

decreases in each	ܶ ൌ ටெߨ2

௄
 the pendulum jump factor can be defined as:  

݁ ൌ ฬ ௝ܸ

௜ܸ
ฬ ൌ ฬ

ሶݑ ሺܶ ൅ ሻݐ
ሶݑ ሺܶ െ ሻݐ

ฬ 
(17) 

݁ ൌ ተተ
െܣ sinට௄

ெ
ሺܶ ൅ ߬ሻ ൅ ܤ cosට௄

ெ
ሺܶ െ ߬ሻ

െܣ sinට௄

ெ
ሺܶ െ ߬ሻ ൅ ܤ cosට௄

ெ
ሺܶ െ ߬ሻ

ተተ 

 

(18) 

݁ ൌ ฬ
െܣ sinሺ2ߨ ൅ ߱௡߬ሻ ൅ ܤ cosሺ2ߨ ൅ ߱௡߬ሻ
െܣ sinሺ2ߨ െ ߱௡߬ሻ ൅ ܤ cosሺ2ߨ െ ߱௡߬ሻ

ฬ 
 

݁ ൌ ฬ
െܣ sin߱௡߬ ൅ ܤ cos߱௡߬
൅ܣ sin߱௡߬ ൅ ܤ cos߱௡߬

ฬ 
 

      The jump factor varies between 1 and zero and according to the Eq. (18), this factor depends on the 
factors A, B and n. Based on previous discussions, for the lower jump factor values, the energy 
dissipation will be higher. Hence in order to obtain the maximum energy dissipation, the jump factor e 
should be minimized as follows: 

߲݁
߲߱௡

ൌ 0 
 

→ ሶݑሺ0ሻݑ| ሺ0ሻ sin 2߱௡߬| ൌ 0 → ߱௡߬ ൌ
ߨ݇
2

 
(19) 

      But in Eq. (18), for ߱௡߬ ൌ
௞గ

ଶ
, jump factor is always equal with maximum value i.e. 1. Figs. (6-9) 

show the variations of jump factor with different vibrational periods (T). As seen from this Figures, for 
larger periods, low jump factor and high energy absorption and dissipation will occur. Therefore, in 
order to reach low jump factor, we should reduce effective stiffness of the structure. This is consistent 
with flexibility or form of the structure. 

  

 

Fig. 6. Variations of jump factor for different periods (k=1) Fig. 7. Variations of jump factor for different periods (k=2)
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Fig. 8. Variations of jump factor for different periods (k=3) Fig. 9. Variations of jump factor for different periods (k=4) 

      For odd k values, jump factor value is a descending function of period and in comparison for k=1, 
this value is lower than k=3. But for even k values, there was not certain trend for the period. Therefore, 
regarding minimum jump factor for different periods in k=1, we could interpolate the jump factor as a 
Lagrange polynomial T. Fig. 10 shows the jump factor based on the period.  

 

 

Fig. 10. Jump factor chart based on the period between two 
horizontal asymptotic 

Fig. 11. Structural configuration of example 1 

       This Figure shows that the lower the period of the structure, the jump factor is close to 1 and the 
higher the period, this factor is low. Indeed, the jump factor is a descending function of period.  

4. Results and discussion  

       After introducing the jump factor its practical application is studied for two typical structural 
examples in this section. 

 Example (1): Consider the frame shown in Fig. 11 having the weight of 10 ton. Steel elasticity module 

is ܧ௦ ൌ 2 ൈ 10଺ ௞௚

௖௠మ and moment of inertia of columns is twice the beam moment of inertia. Height of 

columns is 3m and length of span is 6m. The structure has 3 degrees of freedom, two rotational degree 
of freedom in beam to column connection and one translational degree of freedom. Moment of inertia 
of columns is ܫ஼ ൌ 5700	ܿ݉ସ' consequently, total stiffness matrix for this frame is:  

10ଽ ൥
0.0001 0.0076 0.0076
0.0076 1.9000 0.1900
0.0076 0.1900 1.9000

൩ 

      Now, by dividing above matrix to matrices ktt, kt0 and k00 and using equation (24) ܫ஼ ൌ 5700	ܿ݉ସ 
, we can obtain equal stiffness of frame.  

݇ ൌ ݇௧௧ െ ݇௧଴݇଴଴
ିଵ݇௧଴

்  (20) 

݇ ൌ
120
11

஼ܫܧ
݄ଷ

ൌ 4606	
݇݃
ܿ݉
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       The period of system is therefore:  

ܶ ൌ ටߨ2
݉
݇
ൌ ඨߨ2

ݓ
݃݇

ൌ  ܿ݁ݏ	0.3
 

(21) 

       By assuming the speed and displacement and interval of 0.3s, jump factor is obtained equal to 
0.9396. Therefore, speed ratio after and before 0.3s is:  

݁ ൌ
ܸሺ߬ ൅ 0.3ሻ
ܸሺ߬ െ 0.3ሻ

ൌ 0.9396 
(22) 

       This figure reveals that before reducing the stiffness of structure, the speed of jump reduces by 
6.04 percent. Also, kinetic energy of the structure has reduced 11.7 percent. Table 1 shows jump factor 
for different stiffness values in the investigated structure of example 1.  

Table 1. Comparison of jump factor and speed reduction percent and dissipated energy in the frame 
of example 1   

%∆Π Π⁄%	ΔV V⁄  eTሺsecሻKሺkg cm⁄ ሻIୠሺcmସሻ Iେሺcmସሻ 

11.76.04 0.93960.3046062850 5700 
9.444.84 0.95160.2565374045 8090 
7.573.86 0.96140.209099 5630 11260 
6.833.48 0.96520.18120567460 14920 
6.063.08 0.96920.16155719635 19270 

  

      It can be concluded from this Table that by increasing in the moment of inertia of beam and column, 
magnitude of this factor increases and conversely speed and energy reduction becomes lesser. 
Therefore, for the frame of example 1, the weaker the columns and beam, results in higher energy 
absorption and speed reduction. Fig. 12 compares the variations of speed and energy reductions (i.e. 
dV/V and dU/U, respectively) for different column moment of inertia (i.e. IPB200 –IPB280) of 
example 1.  

 

 
Fig. 12. Speed and energy reduction for different moment of 
inertia of columns in pinned ends 

Fig. 13. Structural configuration of example 2. 

Example (2): Consider the following joint frame with given characteristic of example (1). This frame 
has 4 rotational degrees of freedom and one translational degree of freedom as shown in Fig. 13. For 
this frame and different beam and column profiles, we calculated the jump factor, percent of speed 
reduction and dissipated energy and then compared them with corresponding values presented in Table 
1 for the frame of example 1. The equivalent stiffness of this frame is:  

ܭ ൌ
஼ܫܧ2
݄ଷ

ൌ 845	
݇݃
ܿ݉

 
(23) 

0

5

10

15

IPB200 IPB220 IPB240 IPB260 IPB280

dV/V dU/U
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Thus:  

ܶ ൌ ඨߨ2
ݓ
݃݇

ൌ  ܿ݁ݏ	0.68
(24) 

       Consequently, the jump factor for this frame is determined as:  

݁ ൌ
ܸሺ߬ ൅ 0.68ሻ
ܸሺ߬ െ 0.68ሻ

ൌ 0.8596 
(25) 

       Table 2 presents the variations of jump factor for the frame of example 2 with different moment of 
inertia.  

Table 2. Variation of jump factor, speed reduction and dissipated energy comparison in frame with 
joint base (example 2) 

%∆Π/Π %∆V/V eTሺsecሻKሺkg cm⁄ ሻ Iୠሺcmସሻ Iେሺcmସሻ 

26.1014.04 0.85960.68845 2850 5700 
21.3511.32 0.88680.571198 4045 8090 
18.899.94 0.90060.481668 5630 11260 
16.448.59 0.91410.422210 7460 14920 
13.977.25 0.92750.372854 9635 19270 

  

       As seen from these results, energy reduction in joint frame and for profile IPB200, is twice the 
corresponding value of the frame with pinned end (i.e. example 1). By comparing Table 1 and Table 2, 
it is observed that energy absorption for joint frame with weak profile is 4 times of energy absorption 
for pinned frame and with strong profile. Fig. 14 compares the effect of base boundary condition and 
profile size for both examples.  

 

 

Fig. 14. Comparison of speed and energy reduction in pinned & joined frames 

 

5. Conclusion  

-A new jump factor for determining the speed and energy dissipation of structures was introduced.   

-For a structure with high ductility, jump factor was low and energy dissipation was high.  

- The applicability of suggested jump factor was investigated for two types of structural frames (with 
joined and pinned ends).  

- It was shown that energy dissipation is more for joined frame and weaker cross-section of parts.  
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