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 An approximated crack growth direction and coalescence of the multiple cracks were obtained 
for an aluminum alloy plate by the finite element approach (FEA). Self-similar as well as non-
self-similar crack growths were observed based on relative position of multiple cracks. The FE 
predictions of crack growth direction are validated with an experimental results and good 
agreement is established. Typical numerical results are presented to examine the effect of 
changing the crack tip distance (S), crack offset distance (H) on crack growth direction and 
coalescence of a finite aluminum alloy aluminum plate. Based on the analysis and experimental 
results, a new mathematical models for self-similar and non-self similar crack growth are 
introduced. 
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Nomenclature 

a  crack length    
w  width of Plate 
h  height of plate 
θ  crack initiation angle 
t  thickness of plate   
α   crack inclination angle 
F  applied load    
μ  Poisson’s ratio 
S   crack tip distance   
H            crack offset distance   

E  modulus of elasticity 
KI & KII    stress intensity factor for Mode-I & 
Mode-II 
E  modulus of elasticity 
σy  yield stress 
σu  ultimate stress 
δ  elongation 
εf  failure strain 
εep  effective plastic strain 
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1. Introduction 
 

      Aluminum (Al) alloy structures have found extensive applications in aerospace, defense, transport 
industry, utensil industries, etc. due to unique properties such as high strength to weight ratio, fatigue 
strength, corrosion resistance, and, ductility with high structural efficiency, durability, and workability. 
In comparison with fiber reinforced composite and other alloys, Al alloy offers more cost saving with 
greater performance increments due to low density. However, the use of Al alloy has been inhibited in 
their potential applications due to limited ductility, inferior low cycle fatigue resistance, and low 
fracture toughness.  

      The crack interaction involves two typical features of crack growth behaviors: crack coalescence 
and stagnation. The coalescence of approaching cracks, is frequently observed in crack growth 
processes. On the other hand, cracks may stop growing due to the stress shielding effect caused by the 
presence of other cracks in the neighborhood. The interaction between the multiple cracks can be 
studied either analytically or experimentally. Analytical approach involves numerical evaluations based 
on empirical relationships between the crack growth rate and the stress intensity factors (SIFs). The 
relative position of interacting crack changes according to their growth. Therefore, it is necessary to 
examine not only the relationship between the SIFs value and the relative position, but also the change 
in this relationship with the crack growth process needs to study.  
 
      Multiple cracks of an aircraft structure and rivet holes can be initiated because of cyclic load and 
engine vibration during flight. The presence of crack may reduce strength and stability of an aircraft 
and its components considerably. The proposed concept of crack growth is useful while assessing 
damage tolerance behavior and component life of an aircraft. It can further be used during 
implementation of repair schemes for the cracks observed during service phase of aircraft structural 
components.  
 
      The interaction between multiple cracks has a major influence on crack growth behaviors. This 
influences particularly significant in stress corrosion cracking (Kamaya, & Totsuka, 2002), welding 
(Cisilino & Aliabadi, 1997; Wessel et al., 2001), multiple site damage in aging aircraft (Zhao et al. 2012) 
and cold expended fasteners holes in aircraft components (Lacarac et al., 2004). The growth direction 
is computed either by using strain energy density (SED) criterion or maximum tangential stress (MTS) 
criterion (Sih, 1974; Sih & Barthelemy, 1980; Yan, 2006, Aliha et al., 2016a,b; Akbardoost et al., 2014; 
Mirsayar et al., 2016, Ayatollahi et al., 2006,2011;  Aliha & Ayatollahi 2008) as no such standard 
relations is available to compute the crack growth direction based on the relative crack positions. Strain 
energy release rate based on virtual crack closure technique is developed by introducing an interface 
element to solve crack growth problem (Xie et al., 2006; Liu et al., 2011). Experimental and finite 
element studies on mode-I and mode –II crack growth shows good agreement (Maiti & Mahanty, 1990; 
Lee & Jeon, 2011). Crack propagation is perhaps the most thoroughly study need to carry out in the 
area of fracture mechanics. However, the theories that have so far been developed are not fully capable 
of predicting the crack growth process that occurs in service. The problem can be further complicated 
by multiple cracks in the structure. The magnitude of the interaction is dependent on various factors, 
such as, relative size, relative locations, crack shape, and number of cracks (Kamaya, 2008). 
 
     The SIFs are very important parameters for fracture mechanics analyses. An essential part of the 
solution of fracture problem is the evaluation of the SIFs. In most of the studies under multiple crack 
systems, SIFs are either evaluated from the superposing and compounding the stress intensity factors 
solution (Bombardier & Liao, 2011), finite element model and force method (De Morais, 2007) and 
energy release-rate method (Wang & Zhang, 1999). The effects of uncertainties in material properties, 
crack length, and load on SIFs were explored using Taylor stochastic finite element method (SFEM) 
(Xiaofeng et al., 2009) and Gaussian Monte Carlo method (Romlay et al., 2010; Cadini et al., 2009). 
The available literature is unable to detect the effect of relative crack positions on multiple crack 
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configurations. The present study focuses on the influence of crack position defined by crack offset 
distance, and crack tip distance on growth direction.  
  

2. Material and specimen 

      The study of crack growth direction under tensile loading was conducted considering multiple 
offset and inclined cracks. Crack growth direction is determined considering multiple edge cracks 
(Fig.1a), multiple central cracks (Fig.1b), and multiple inclined central crack (Fig. 1c). An Al alloy 
plate of 60x200x1 mm3 was used as a specimen for all the cases. 

 
 

  
 

     
 

Fig. 1. Specimen geometry along with multiple cracks  
Two holes of diameter 2 mm were created by drilling at the center of cracks and edge cracks were 
generated on specimen by the water jet machine (WJM). All inclined cracks were introduced at an 
angle 60o relative to the vertical axis. Mechanical properties of an Al alloy used in the computation as 
shown in Table 1. 
 
Table 1. Mechanical Property of tested Al alloy 

Specimen configuration E (GPa)  μ σy (MPa) σu  (MPa) %δ εf 

7072-Aluminum alloy 70 0.3 99 106 14-15 0.25-0.30

w

12a
22a

h 

S

H

(a) Offset edge crack (b) Offset central crack
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(c) central inclined crack 
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3. Methodology 
 
     Fig. 2 presents the  systematic overview of integrated approach used in present study for the multiple 
crack configurations, which deals with simulation of crack propogation by testing and FE approach. 
Testing of the specimen is carried out using universal testing machine (UTM), whereas FE analysis is 
carried out using explicit code of  LS Dyna software. Effect of changing the crack tip distance and 
crack offset distance on crack growth direction is studied using maximum nominal strain criterion 
discuseed in susequent section 3.1.2. Crack growth angle is measured on fratured specimen during 
experiment and FE simulation.Details of the experiment and FE anaysis are presented in susequent  
section 3.4. 

 
3.1 Damage initiation 
 
      Present study discusses the crack growth and coalesence of multiple cracks by the cohesive damage 
approach (Li & Chandra 2003). Damage initiation refers to the beginning of degradation of the response 
of a material point. The process of degradation starts when the stresses and/or strains satisfy certain 
damage initiation criteria. Fig. 3 shows a typical traction-separation response with a failure mechanism. 
Several damage initiation criteria are available and are discussed below. A value of 1 or higher indicates 
that the initiation criterion has been met.  

 
 

Fig. 2. Systematic overview of present study 
              traction 
            0 0 0( , )n s t    

 
 
 
 
 
 
 
                                                δ0                                                  δf 

                                                                                      Separation 
Fig. 3. Typical traction-separation response 
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3.1.1 Maximum Nominal Stress Criterion 
 
      Damage is assumed to initiate when the maximum nominal stress ratio reaches a value of one. This 
criterion can be represented as 
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3.1.2 Maximum Nominal Strain Criterion 
 
      Damage is assumed to initiate when the maximum nominal strain ratio reaches a value of one. This 
criterion can be represented as (Erdogan & Sih, 193) 
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       The crack starts propogaating through mesh once the effective palstic strain more then or equal to 
the failure starin of the material  
 

fep    (3) 

 
3.1.3  Quadratic Nominal Stress Criterion 

 
        Damage is assumed to initiate when a quadratic interaction function involving the nominal stress 
ratios reaches a value of one. This criterion can be represented as 
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3.1.4 Quadratic Nominal Strain Criterion 
 
        Damage is  to be initiated when a quadratic interaction function involving the nominal strain 
ratios reaches a value of one. This criterion can be represented as 
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where ,, o
s

o
n  and 

o
t  represent the peak values of the nominal stress when the deformation is either 

purely normal to the interface or purely in the first or the second shear direction, respectively. In the 

same manner ,, o
s

o
n  and 

o
t  represent the peak values of the nominal strain when the deformation is 

either purely normal to the interface or  in the first or the second shear direction respectively. 
 
3.2 Damage Evolution 

 
      The damage evolution law describes the rate at which the material stiffness is degraded once the 
corresponding initiation criterion is reached. A scalar damage variable, D, shows the overall damage 
in the material and captures the combined effects of all the active mechanisms.  Initially it has a value 
of zero. If damage evolution is modeled, D monotonically evolves from 0 to 1 upon further loading 
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after the initiation of damage. The stress components of the traction-separation model are affected by 
the damage according to 
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the current strains without damage. Stress components 0,, c
t
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compressive stiffness.  
 
       To mark out the evolution of damage under a combined effect of normal and shear deformation 
across the interface, an effective displacement defined as  
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       Damage variables (D) can be expressed as 
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      In the preceding expression and in all later references, max
m refers to the maximum value of the 

effective displacement attained during the loading history. Term of   is the effective displacement 

at complete failure, of  ,  refer to displacement at complete damage, and start of damage respectively. 

 
3.3. Experimental Procedure 
 
      An Al alloy specimen for different crack configurations are prepared for testing using 100 KN servo 
hydraulic universal testing machine (UTM). Detailed experimental study are performed to assess the 
effect of changing the crack tip distance and crack offset distance on crack growth considering  the 
multiple crack configurations. The one end of specimen was clamped in the UTM and load was applied 
monotonically from other side until final failure of the specimen (Fig. 4). The crack extension angle 
was measured from the fractured specimen and presented in the subsequent section 4. 
 

 
 

Fig. 4. Experimental setup for crack growth simulation 
3.4. FE  Simulation of Crack Growth 
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      Specimen is divided in three region i.e. region-1, 2 and 3 (as shown in Fig. 5). Region -1 and 3 are 
for loading and application of boundary conditions whereas, region-2 is for the crack growth 
simulation. To capture the rapidly varying crack growth w.r.t. time refined mesh in the region around 
the crack tip is carried out. Analysis is carried out considering the elastic material properties for 
region one whereas elastic-plastic material properties is defined for region-2. Tensile loading on top 
edge of region-1 is applied gradually until the effective plastic strain reaches to failure stain of the 
material, and FE model is constrained on bottom edge of region-3. Effect of changing the parameters 
S and H on crack growth is studied under tensile loading condition. FE predicted crack growth 
direction is compared with the experimental results.  
 

 
Fig. 5. Typical meshed model of cracked plate 

 

4. Validity of present FE analysis and discussion 
 

      FE predicted crack growth direction shows good agreement with experimental results for all 
configurations of multiple cracks. Fig. 6 shows one of the typical simulation of multiple crack growth 
behavior for edge crack S=0, H=10. Two edge cracks (a) under tensile loading becomes in opening mode 
(b). Non-self-similar crack growths almost parallel to the loading axis were observed (c). Finally, the 
fracture of the specimen is shown (d). For all specimen at S=0, same behavior of crack growth is observed. 
 

 
(a) (b) (c) (d) 

Fig. 6. Typical Crack growth for S=0, H=10mm :( a) Initial multiple edge cracks,(b) Opening mode, (c) 
Non-self-similar crack propagation, and (d) Fracture of the specimen 
4.1. Examination of multiple offset edge cracks 

Region - 1 

Region - 2 

Region - 3 
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       Fig. 7 (a) shows for S=0, crack growth direction decreases with increase of H. For all configuration 
of S=0, crack moves almost perpendicular to the longitudinal axis. Non-self-similar crack growth is 
observed for all specimens at S=0. As crack tip distance became to zero, the position of both crack tips 
become perpendicular to each other, causing the coalescence of the cracks perpendicular to the 
longitudinal axis. Fig. 7 (b) shows the crack growth angle decreasing with increase of S/H. For S/H≥4, 
self-similar crack propagation is observed. The crack growth direction for stated specimen configuration 
is found less than 100.  
 
      According to MTS criterion (Erdogan & Sih 1963) the crack extension angle in terms of stress 
intensity factor is given as 
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Fig. 7. Effect of crack tip distance and offset distance on crack growth of multiple edge 
cracks:(a)S=0,H= 6 to 20 mm, and (b) S/H= 0 to18 
 
Using Eq. (9), the crack extension angle less than 100 for K1/KII>10. This indicates that crack propagate 
mainly under the influence of mode-I, and the effect of mode-II Stress intensity factor is about 1/10th of 
mode-I. It can be concluded that for the present multiple crack configuration there is little effect of the 
presence of second crack as the crack moves almost perpendicular to loading axis. Whereas for S/H<4, 
non-self-similar crack propagation is observed indicates that cracks moves under the influence of mixed 
mode stress intensity factor, effect of mode-I stress intensity factor is reduced. 
 
4.2 Examination of multiple offset central cracks 
 
      Figs. 8a-8c show the comparison of FE predicted crack growth with experimental results. The FE 
analysis results of predicted crack growth show good agreement with experimental results for all the 
configurations of cracks. Figs. (9a-9c) show the effect of changing crack tip distance and crack-offset 
distance on crack growth. Fig. 9(a) shows the crack growth direction is decreasing as crack tip distances 
increasing for constant value of crack offset distance. As crack tip distance increases for constant value 
of crack-offset distance, the diagonal angle between the cracks is decreasing. The crack coalescence is 
observed in smallest possible diagonal direction with increment of crack tip distance. Figs. 9b-9c show 
the crack growth direction is increasing as crack offset distance is increasing for constant value of crack 
tip distance. As the crack offset distance increases for constant value of crack tip distance, the diagonal 
angle between the crack tips is increasing, which causes the  coalescence of crack with increase in crack 
growth angle. Fig. 9d shows the crack growth direction decreasing with increase of S/H. Self-similar 
crack growth is observed for S/H≥3 whereas non-self-similar crack is seen for S/H≤3. 

(a)  (b)  

S=0 

(a) (b)
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Testing FEM Testing FEM 

(c)    

 
 Testing                               FEM  

Fig. 8. Comparison of FE predicted crack growth w.r.t. experimental results: (a) H=10 mm, S=20 mm, 
(b) H=12.0 mm, S =20.0 mm, and (c) H=6 mm, S=16 mm 
 

  

 
Fig. 9. Effect of crack tip distance (S) and offset distance (H) on crack growth direction for two 
central cracks :(a) H=10 mm, S=8 to 20 mm, (b) S=20 mm, H=5 to 14 mm,(c) S=16 mm, H=1 to 4 
mm, and(d) S/H=0 to 20 mm 
 

4.3 Examination of Multiple Central Inclined Cracks 
 

Figs. 10a-10d show the comparison of predicted crack growth for inclined crack at α=600 based on FE 
analysis and test results. The FE predicted crack growth show good agreement with experimental results 
for all configurations of cracks.Figures10a-10c show the effect of changing the crack tip distance (S) 

(a) 

(c) 

S=16 

H=10 

(d) 

(b) 
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and crack-offset distance (H) on crack growth. Fig 11a shows the crack growth direction is increasing 
as crack offset distance increasing for constant value of crack tip distance (S). Fig. 11b shows crack 
growth direction is decreasing as crack tip distance is increasing for constant value of H. Fig. 11c shows 
the crack growth direction decreasing with increase of S/H. Self- similar crack growth is observed for 
S/H≥4 whereas non-self -similar crack is seen for S/H≤4. 
 

(a)  (b)  

Testing FEM Testing FEM 
(c)  (d)  

   
Testing FEM Testing FEM 

 
Fig. 10. Comparison of FE predicted crack growth w.r.t. experimental results (a) H= 6.0 mm and S= 

24.0 mm, 060 , (b) H= 10.0 mm and S= 24.0 mm, 060  (c) H= 14.0 mm and S = 24.0 mm, 
060  (d) H= 12 mm and S= 11 mm, 060  

 
 

 

 

 
Fig. 11. Effect of crack tip distance (S) and offset distance (H) on crack growth direction for two 
inclined crack: (a) S=24 mm, H=6 to 14 mm, (b) H=12 mm, S=6 to 24 mm, and (c) S/H=0 to 20 mm 
 

(a) (b) 

(c) 

S=24 mm 

H=12 mm 
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5. Relation between θ, S and H 
 
Based on the analysis stated above, it can be concluded that crack growth direction is depend on the 
relative position of multiple crack. Further, mathematical equations based on the FE analysis and 
experimental results are introduced by isolating the curve in two segments i.e. for self-similar and 
non- self-similar crack propagation as follows: 
 
5.1 Multiple Edge Cracks 
 
Mathematical equations for multiple edge crack configuration are introduced based on FE analysis and 
experimental results by splitting the crack growth curve in two segments i.e. self-similar and non self-
similar curve. 
 
Condition I: Crack initiation angle in terms of S/H for non self-similar crack growth can be evaluated  
as follows for 0<S/H≤4, (Fig. 12a). 
 
θ = -1.147(S/H)3 + 11.45(S/H)2 - 44.27(S/H) + 85.19 (10) 

 
Condition II: Crack initiation angle in terms of S/H for self-similar crack growth can be expressed as 
follows for S/H≥4 (Fig. 12b). 
 
θ = -0.006(S/H)2 - 0.224(S/H) + 11.56 (11) 

 
The regression Eqs. (10-11) are quite consistent with FE and experimental results with correlation 
coefficient,  .98.02 r  
 

       
Fig. 12. Representation of polynomial equations for multiple edge cracks configurations based on FEM 

and test results: (a) S/H=0 to 4 mm, and (b) S/H=5 to 18 mm 
 

5.2 Multiple Central Cracks 
 
Mathematical equations for multiple central crack configurations are introduced based on FE analysis 
and experimental results for self-similar and non self-similar crack propagation (Fig.13). 
 
Condition 1: Crack initiation angle in terms of S/H for non self-similar crack growth can be expressed 
as follows for 0<S/H≤3 (Fig. 13a). 
 
θ = 7.351(S/H) 2 - 40.44(S/H) + 79.40 (12) 

 
Condition II: Crack initiation angle in terms of S/H for self-similar crack growth can be expressed as 
follows for S/H≥3 (Fig. 13b). 
 
θ= 0.036(S/H)2 - 1.876(S/H) + 28.18 (13) 

(a) (b) 
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The regression Eqs. (12-13) are quite consistent with FE and experimental results with correlation 
coefficient,  .98.02 r  
 

  
 
Fig. 13. Representation of polynomial equations for multiple central cracks based on FEM and test 
results: (a) S/H=0 to 3 mm and (b) S/H=3 to 20 mm 
 
5.3 Multiple Inclined Cracks 
 
Mathematical equations for multiple inclined crack configurations are introduced based on FE analysis 
and experimental results for self-similar and non self- similar crack propagation (Fig.14). 
 
Condition 1: Crack initiation angle in terms of S/H for non self-similar crack growth can be evaluated  
as follows for 0<S/H≤4, (Fig. 14a). 
 
θ = 2.769(S/H)2 - 22.30(S/H) + 63.75  (14) 

 
Condition II: Crack initiation angle in terms of S/H for self-similar crack growth can be evaluated as 
follows for S/H≥4,(Fig 14b). 
 
θ = 0.034(S/H)2 - 1.434(S/H) + 20.13  (15) 

 
The regression Eq. (14-15) are quite consistent with FEM and experimental data with correlation 
coefficients, .98.02 r  
 

  
 
Fig.14. Representation of polynomial equations for multiple inclined cracks based on FEM and test 
results: (a) S/H=0 to 4 mm and (b) S/H=4 to 20 mm. 
 
6. Conclusions 

(a) (b) 

(a) (b) 
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     The paper presents the effect of changing the crack tip and offset distances on crack growth using 
FE and experimental approach. An approximated crack growth propagation and coalescence of 
multiple cracks under tensile loading were simulated and compared with experimental results. 
Mathematical model for self-similar and non-self similar crack growth are derived for different 
configurations of edge cracks. The following conclusions can be drawn based on present study. 

I. FE prediction of crack growth direction shows good agreement with experimental results.  
II. Crack growth of multiple cracks are depend on their relative position of crack defined by 

crack tip distance, crack offset distance.  
III. As crack offset distances increase, non-self similar crack propagation is observed for 

constant value of crack tip distance vice versa self-similar crack propagation is seen as crack 
tip distance increases for constant value of crack-offset distance.  

IV. Self-similar crack propagation is observed for S/H≥4, indicates presence of second crack is 
not much influencing the propagation of first crack. Crack progresses under the influence 
of mode-I SIF.  

V. Non self-similar crack propagation is observed for S/H<4, indicates the presence of second 
crack is influencing the propagation of first crack. The crack progresses under the influence 
of mixed mode SIF.  

VI. As the crack tip distance became to zero, crack propagation is almost parallel to the loading 
axis, shows that the propagation is under the influence of mode- II SIF.  

VII. Crack coalescence is observed in the smallest possible diagonal direction of crack tips. As 
the crack offset distance increases for constant value of crack tip distance, the diagonal angle 
between the crack tips is increasing, which causes the coalescence of  crack with increase 
in crack growth angle. Vice- versa with increment of crack tip distance for constant value 
of crack-offset distance, the diagonal angle between the crack tips is decreasing causing the 
propagation of cracks with decrease in crack growth angle. 
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