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 Transnational producers facing the present-day competitive global supply-chain environments 
need to pursue the most appropriate manufacturing scheme, quality screening task, and stock 
shipping plan to satisfy customer’s timely multi-item requirements under minimum overall 
product fabrication-delivery expenses. This study develops a producer-retailer incorporated 
multi-item two-stage economic production quantity- (EPQ-) based system with delayed 
differentiation, expedited-rate for common parts, multiple deliveries plan, and random scrap. It 
aims to assist current manufacturing firms in achieving the aforementioned operating goals. 
Mathematical methods help us build an analytical model to explicitly portray the studied 
problem’s features and derive its overall system expenses. Hessian matrix equations and 
optimization approaches help us prove convexity and derive the cost-minimized fabrication- 
delivery decision. This study gives a simulated example to illustrate the research outcome’s 
applicability and the proposed model’s capabilities numerically. Consequently, diverse crucial 
information becomes obtainable to the manufacturers to facilitate various operating decision 
makings as follows: (i) the cost-minimized fabrication-delivery policy; (ii) the behavior of 
system’s overall expenses and operating policy regarding mean scrap rate, and different 
relationships between common part’s values and completion-rate; (iii) the system’s detailed cost 
components; (iv) the system’s overall expenses, utilization, and common part’s uptime 
concerning different common part’s expedited rates; and (v) the collective effects of critical 
system features on the overall expenses, uptime, and optimal cycle length, etc. 

© 2021 by the authors; licensee Growing Science, Canada 
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1. Introduction 

 

Meeting the increasing client’s multi-item demands has urged current transnational producers to seek a more appropriate 
manufacturing strategy such as delayed differentiation to shorten uptime and cut down overall expenses. Gupta and Benjaafar 
(2004) examined the frameworks by building different models to analyze the costs and benefits of implementing delay product 
differentiation in various lead-time-dependent fabrication systems, including make-to-stock and make-to-order. The authors 
used the analytical outcomes/comparisons to obtain insights from their models. The authors also explored both the effect of 
selectable differentiation-point and work-sequence on lead-time-dependent fabrication systems’ operating policy in terms of 
cost-savings. Cavusoglu et al. (2012) explored the value of information sharing and the postponement strategies and their 
interaction in the single- and two-level supply-chain environments. Their work, from the producer’s point of view, aimed to 
reduce the uncertainty in demand. The authors indicated the following values from implementing the postponement: savings 
in stockholding cost and prevent producers from excessive and deficit in fabrication. Depending on the potential increase in 
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unit cost from implementing the postponement, the interaction after combining the information-sharing strategy could be 
conflict, complement, or substitute with each other. On the other hand, the interaction of information sharing and the 
postponement strategies, from the retailer’s point of view in a two-level supply-chain environment, could be beneficial or 
sometimes damaging. Chiu et al. (2020a) developed a postponement model to examine a multi-item replenishing policy with 
products’ commonality, adjustable-rate on the common components, continuous stock issuing, and rework. The authors 
disclosed the optimal replenishing decision and the combined effect of these specific features on the postponement model’s 
operating policy. Recent works (Mokao, 2020; Jabbarzadeh et al., 2019; Tantiwattanakul and Dumrongsiri, 2019; Lesmono 
et al., 2020) also studied the effect of various delayed fabrication differentiation strategies on planning, operations, and 
management of manufacturing/supply-chain systems. 
 
To effectively shorten the batch cycle length, fabrication planners often consider expediting the manufacturing rate, especially 
when making many common intermediate components in a multi-item delayed differentiation system. Arslan et al. (2001) 
developed various models to investigate the correct timing and the required processes to expedite the make-to-order systems 
for fabricating single-product. The discrete- and continuous-time structures were examined to decide whether the outsourcing 
or overtime option could be more beneficial to serve as an expediting means. Ayed et al. (2011) examined a service-level 
constrained cost-minimized fabrication-maintenance policies incorporating variable fabricating and random demand rates. A 
primary machine operates with a variable fabricating rate that must meet the required service-level and demand rate but is 
subject to a time and fabricating-rate-dependent failure. A spare subcontracting machine will pick the production of the needed 
quantities. The authors first considered the effect of the features mentioned above on the problem. To reduce the facility 
degradation, the researchers further combined the preventive maintenance plan into their studied problem and sought 
optimality. Ruidas et al. (2020) examined the combined effect of variable fabricating rate, rework of defective stocks, 
backlogging, and demand-dependent unit selling price on a practical EPQ-based model. The authors considered (1) the 
fabricating rate depends on the demand rate of certain highly demandable items and (2) the multi-stage scheme for new 
product’s fabrication. Upon developing a model with these features mentioned above, the particle swarm optimization 
approach helped decide the profit-maximized EPQ decision. A simulated illustration validated the applicability of their model 
numerically. Other studies (Aouam and Kumar, 2019; Lin et al., 2019; Jeunet and Bou Orm, 2020; Chiu et al., 2021) also 
explored the influence of various expedited-rate or overtime strategies on operations and management of 
manufacturing/supply-chain systems. 
   
Retaining the client’s desired product quality has always been one of the primary competitive strategies. Besides, in real-
world supply chain environments, the producers often supply their finished goods to the customers periodically in multiple 
shipments. The traditional EPQ model (Taft, 1918) did not address the product-quality, nor discontinuous stock issuing 
matters. However, it is inevitable to encounter faulty items in most real-world manufacturing systems. Screening and removal 
of faulty items can make sure the finished batch’s quality. Köksal et al. (2013) considered a processing center with 
probabilistic product-quality characteristics, rework, inspection erroring, and producer losses. The authors developed the 
analytical models using the Markov chain approach and the simulation techniques for the problem. They concluded that 
improving process capability is the most beneficial way to eliminate inspection errors and potential losses. Rout et al. (2020) 
studied an EPQ model featuring deteriorating stocks, imperfect fabrication, backlogging, rework, and inspection errors. The 
authors examined both Type one and Type two inspection errors and analyzed their consequent rework and sales return. The 
researchers aimed at simultaneously deciding the most economic batch-backlogging sizes that kept the total system expenses 
at a minimum. Recent works (Pramono et al., 2018; Marchi et al., 2019; Ortiz-Servin et al., 2019; Palyanitsina and Sukhikh, 
2020; Gera, 2021) investigated the impact of faulty goods on planning, controlling, and management of manufacturing 
systems. As stated earlier, in most real-world supply-chain environments, the transnational producers frequently employ the 
multi-delivery policy in transporting their goods to customers. Farsijani et al. (2012) considered a multiproduct EPQ-based 
model with the following deterministic characteristics: the imperfect process, rework, limited space, backlogging, and discrete 
shipping orders. The authors proposed a simulated annealing method to resolve this non-linear oriented integer problem and 
presented examples to show their model’s applicability numerically. Pawar and Nandurkar (2018) jointly decided the 
operating policies for a single-vendor multi-buyer multiproduct supply-chain system. These policies include (i) each 
customer’s reordering point for each product and (ii) each product’s optimal shipping quantities. The aim was to keep the 
overall system-relevant cost at a minimum. Their model considered backlogging and lost sales for the allowable shortages. 
The researchers applied various optimization methods/algorithms for solving the problem. Other recent works (Larkin and 
Privalov, 2019; López-Ruíz and Carmona-Benítez, 2019; Tian and Guo, 2019; Gilotra et al., 2020; Kauppila et al., 2020; 
Trisna et al., 2020) explored the impact of various aspects of shipping strategies on the planning and management of specific 
supply chain systems. As few past works focused on the collective effect of delayed differentiation, the expedited-rate, multi-
delivery, and random scrap on the producer-retailer incorporated multi-item EPQ problem, we intend to fill this gap. 
 
2.  The proposed multi-item EPQ problem 
 
2.1. Description and formulations 
 
This study examines a producer-retailer incorporated multi-item economic production quantity (EPQ) problem with delayed 
differentiation, the expedited rate for common parts, multi-delivery, and scrap. Planning a multi-item batch production with 
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a common intermediate component, managers often evaluate a delayed differentiation scheme aiming to expedite the 
completion time and/or cut down the overall cost. Likewise, this study considers a two-stage delayed differentiation scheme 
to explore this particular producer-retailer incorporated multi-item EPQ problem. Stage one applies an expedited rate to 
fabricate the common intermediate components, and stage two uses a regular rate to make the retailer’s order of L distinct 
finished products. 
  
A constant completion ratio γ of the common intermediate part is assumed. Stage one’s expedited rate PT1,0 (as shown in Eq. 
(1)) increases regular rate P1,0 by α1,0 proportion to reduce stage one’s uptime. 

( )T1,0 1,0 1,01P P α= +   (1) 

The following formulas further explain its consequent cost-increase relationship: 
( )T0 2,0 01K Kα= +   (2) 

( )T0 3,0 01C Cα= +   (3) 

where KT0, K0, CT0, C0, α2,0, and α3,0 represent the special and regular setup and unit costs, and connected factors between cost 
variables due to implementing expedited-rate. The following defines additional notation in this study: 
 

TA =  cycle length – a decision variable, 
n  =  number of equal-size shipments for finished product i – another decision variable, 
L  =  the number of distinct finished products, 
λi  =  finished product i’s annual requirements (where i = 1, 2, …, L), 
λ0  =  common parts’ annual requirement, 
Qi  =  finished product i’s lot-size,  
Q0  =  common parts’ lot-size, 
Si  =  finished product i’s setup time, 
S0  =  common part’s setup time, 
t1,i =  finished product i’s uptime, 
t1,0 =  common part’s uptime with expedited-rate implementation, 
ti

* =  the sum of finished products’ optimal uptimes (i.e., Σi (t*
1,i)), 

t0
* =  common part’s optimal uptime, 

t2,i =  finished product i’s delivery time, 
t2,0 =  common part’s depletion time,  
Ki   =  finished product i’s setup cost, 
h1,i  =  finished product i’s unit holding cost, 
Ci =  finished product i’s unit production cost, 
h4,i  =  safety finished product i’s unit holding cost, 
P1,i  =  finished product i’s annual production rate, 
xi  =  finished product i’s random defective proportion, 
d1,i  =  scrapped finished product i’s fabrication rate (where d1,i = P1,i xi), 
KD,i  =  finished product i’s fixed shipping cost, 
CS,i =  scrapped finished product i’s unit disposal cost, 
CD,i =  finished product i’s unit shipping cost, 
H1,i =  finished product i’s stock level when its uptime ends, 
γ  =  the common part’s completion rate (as compared to the finished product), 
h1,0  =  common part’s unit holding cost, 
CS,0 =  common part’s unit disposal cost, 
x0  =  common parts’ random scrap proportion, 
H1,0 =  common parts’ stock level when its uptime ends, 
dT1,0  =  fabrication rate of scrap common parts (i.e., dT1,,0 = PT1,0 x0), 
Hi =  common parts’ stock level when end product i’s uptime ends, 
h4,0  =  safety common part’s unit holding cost, 
Di  =  fixed-quantity of finished products i per delivery, 
Ii  =  number of finished products i left when tn,i ends, 
i0 =  unit holding cost relating ratio (i.e., h1,i = i0Ci),  
tn,i =  a fixed time-interval between two consecutive shipments in t2,i, 
I(t)i =  product i’s stock level at time t (where i = 0, 1, 2, …, L), 
E[TA] = the expected cycle length of the problem, 
IS(t)i =  scrapped product i’s stock level at time t (where i = 0, 1, 2, …, L), 
TC(TA, n) = total system cost per cycle, 
Ic(t)i =  retailer’s finished product i stock level at time t (where i = 1, 2, …, L), 
E[TC(TA, n)] = the expected total system cost per cycle, 
E[TCU(TA, n)] = the expected system cost per unit time. 
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Fig. 1 illustrates the proposed model’s perfect stock level. It shows that when stage one’s uptime ends, the perfect stock level 
increases to H1,0 before the 2nd stage begins. As the fabrication of finished product i initiates, the common intermediate parts 
gradually deplete. Stock level of each end product i surges to H1,i when its uptime completes. Due to no stock-out condition 
permitted, both (PT1,0 – dT1,0 – λ0) and (P1,i – d1,i – λi) must > 0. Furthermore, this study assumes scrap proportions x0 and xi 
associated with each fabricating stage, and the scrap items’ fabrication rates respectively are dT1,0 and d1,i. Figure 2 depicts the 
studied problem’s scrap stock level in both stages. It shows that the scrap stock surges to (dT1,0 t1,0) and (d1,i t1,i) respectively 
when uptimes end. These scraps are screened and discarded at a unit disposal cost of CS,0, and CS,i, respectively. The following 
expressions are gained according to our stage two’s assumption (where i = 1, 2, …, L): 

A

1
i

i
i

TQ
x

λ=
−

  (4) 

( )
A 1, 2,

1i i
i i

i

Q x
T t t

λ
−

= +=
(5) 

1, 1,i i id P x= (6) 

2, A 1,i it T t−= (7) 

( )1, 1, 1, 1,i i i iH t P d= − (8) 

1,
1,

1, 1, 1,

ii
i

i i i

HQt
P P d

= =
−  

 
(9) 

 
Stage one’s required common intermediate parts to fulfill end products’ fabrication are exhibited in Eq. (10) (refer to Eq. (4)), 
and more expressions are observed according to stage one’s assumption as follows: 

 
Fig. 1. Level of perfect stock of the present multi-item delayed differentiation EPQ problem with multi-delivery, 

expedited rate, and scrap compared to the same problem without expedited rate (in grey) 
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Fig. 2.  Level of scrap stock in the studied problem 
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(12) 

A 1,0 2,0T t t= + (13) 

1,00
1,0

1,0 1,0 1,0T T T

HQt
P P d

= =
−

 
(14) 

1,0 1,0 0T Td P x= (15) 

( )1,0 1,0 1,0 1,0T TH P d t= − (16) 

1 1,0 1H H Q= − (17) 

( )1  ,   2,  3, ...,i iiH H Q for i L−= − = (18) 

( )1 0L LLH H Q−= − = (19) 

 
Fig. 3 exhibits the producer’s finished stock level in delivery time. The maximum stock level H1,i are transported to retailer 
under n equal-size shipments in every tn,i period and the total inventories in t2,i is expressed in Eq. (20) (Chiu et al., 2019): 
 

( ) ( ) ( )
1

1, 2, 1, 2, 1, 2,2 2
1

1 1 ( 1) 1
2 2

n

i i i i i i
i

n n ni H t H t H t
n n n

−

=

− −         =  =                


 
(20) 

 
At the retailer side, each product i’s stock level are displayed in Figure 4, and the retailer’s total inventories are expressed in 
Eq. (21) (Chiu et al. (2020b)): 

( ) ( ) ( )1,,
,

1
2 2 2

i ii i n i
i n i

nI tn D I t n n
I t

 − +
+ + 

    

 
(21) 

where 
( ),i i i n iI D tλ= − (22) 

2,
,

i
n i

t
t

n
=

 
(23) 
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1,i
i

H
D

n
=  

 
(24) 

 

  
Fig. 3.  Level of producer’s finished product i in t2,i Fig. 4.  Level of retailer’s stock of each product i 

 
3.  Total system cost and the optimal replenishment-shipment policy 
 
3.1. Total cost function 
 
Total system cost function per cycle TC(TA, n) comprises the following fabrication-shipment relevant costs: (1) variable, (2) 
setup, (3) disposal, (4) finished items’ shipping, and (5) holding at both producer and retailer sides: 

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( )
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( )

( ) ( ) ( ) ( )
1,
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4, 3, ,

1
2 2 2

iL

i ii i n ii
i i i A i i n i
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h x Q T h I t=

  
    
  − + + + + + 
    



 
 
 

(25) 

 
With further derivation, E[TCU(TA, n))] is gained as follows (see Appendix A): 
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(26) 

3.2. The optimal replenishment-shipment policy 
 
The Hessian Matrix Equations are applied to E[TCU(TA, n)] (Rardin (1998)) to gain the result as follows:  

[ ]

( ) ( )
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(27) 

The result in Eq. (37) yields positive, for TA, (1 + α2,0), Ki, and K0 are positive. Therefore, E[TCU(TA, n)] is proved to be 
strictly convex for all n and TA other than zero. It follows that by solving the linear system of the following first-derivatives 
of E[TCU(TA, n)] relating to n and TA, the optimal TA* and n* can be determined simultaneously: 
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

 

(28) 



Y.-S. Peter Chiu et al. / International Journal of Industrial Engineering Computations 12 (2021) 433

[ ]

( ) ( ) ( )

( ) ( )

2
22,0 0 ,

4,0 10 0 1,0 02 2
1 11,

2 2
A 0 0 00 0 0

1,0 0 0
1 1 1 1A 1, 1,

1
+ +

2

( , )
2

L L
i D ii

i
i iA i A

L i L L
P i i i i

j j i i
i j i ii i

K K nK
h E h E

T P T

E TCU T n E E E Eh E E
T P P

α λλ

λ λ λλ λ

= =

= = = =

 − + − +   + +   
    

     ∂     = − +        ∂         

+

 

   

( ) 22 2
3, 1,1, 2 3,

4, 1 0
1 1,

0

2 2 2

L
i i i iPi i i i i

i i i i
i i

h h Eh E h
h E E

P n
λλ λλ

=

 
 
 
 
  = 
 
  −   + + +       


 

 
 

(29) 

Therefore, we find the following optimal replenishment-delivery policy (TA*, n*): 
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(31) 

 
3.3.  Discussion of the setup times 
 
The sum of setup times Si may be insignificant to the cycle length. However, to ensure they won’t affect our replenishment 
cycle, one could compute the following Tmin (Nahmias (2009)) and verify that Tmin < TA*. If not, choose the maximum of 
(Tmin, TA*) as the feasible operating cycle. 
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3.4.  Capacity constraints 
 

Furthermore, the machine must have adequate capacity to produce the common intermediate components and finished 
multiproduct in this two-stage postponement EPQ problem. That is, Eqs. (33) and (34) must hold (Nahmias, 2009): 
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4.  Numerical example 
 
The following simulated example helps demonstrate the applicability/capability of this specific producer-retailer incorporated 
multi-item EPQ problem with delayed differentiation, expedited- rate, multi-delivery, and scrap. A two-stage batch 
manufacturing plan must meet five end items with the following assumed parameters’ values in each stage:  
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Table 1 
Stage one’s assumed parameters’ values 

γ x0 δ C0 P1,0 K0 h1,0 CS,0  λ0 α1,0 i0 α2,0 h4,0 α3,0 
0.5 2.5% 0.5 $40 120000 $8500 $8 $10 18218 0.5 0.2 0.1 $8 0.25 

 
Table 2 
Stage two’s assumed parameters’ values 

Product i Ci xi KD,i CS,i CD,i h1,i P1,i h4,i λi h3,i Ki 
1 $40 2.5% $1800 $10 $0.1 $16 112258 $16 3000 $70 $8500 
2 $50 7.5% $1900 $15 $0.2 $18 116066 $18 3200 $75 $9000 
3 $60 12.5% $2000 $20 $0.3 $20 120000 $20 3400 $80 $9500 
4 $70 17.5% $2100 $25 $0.4 $22 124068 $22 3600 $85 $10000 
5 $80 22.5% $2200 $30 $0.5 $24 128276 $24 3800 $90 $10500 
 

In comparison, the assumed parameters’ values for the corresponding single-stage system are listed in Table B-1 (Appendix 
B). 
 

4.1.  The optimal operating replenishing-delivery policy 
 

Apply Eqs. (30), (31), and (26) to obtain TA* = 0.4623, n* = 3, and E[TCU(TA*, n*)] = $2,459,701. Figure 5 shows the 
behavior of E[TCU(TA, n)] concerning TA and n. E[TCU(TA, n)] knowingly surges as TA and n deviates from their optimal 
values. 
 

  
Fig. 5.  The convexity of E[TCU(TA, n)] concerning TA and n Fig. 6.  The behavior E[TCU(TA*, n*)] regarding linear 

and nonlinear relationships of δ and γ 
 

4.2.  The critical system features effect on the problem  
 
Fig. 6 explores the behavior of E[TCU(TA*, n*)] concerning the nonlinear and linear relationships of common part’s values δ 
and its completion rate γ. For γ = 0.5 in the linear case (i.e., our assumption: δ = γ1), it reconfirms E[TCU(TA*, n*)] = 
$2,459,701. The nonlinear case with lower component value (i.e., δ = γ3), for γ = 0.5, E[TCU(TA*, n*)] = $2,372,273. Fig. 7 
investigates the behavior of TA* relating to the linear and nonlinear relationships of δ and γ. For γ = 0.5 in the linear case, it 
reconfirms TA* = 0.4623. The nonlinear case with lower component value, for γ = 0.5, TA = 0.5871.  
 

  
Fig. 7.  The behavior TA* regarding the linear and 
nonlinear relationships of δ and γ 

Fig. 8.  The mean scrap rate xi effect on different cost 
contributors of E[TCU(TA*, n*)] 
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The mean scrap rate xi effect on different cost contributors of E[TCU(TA*, n*)] is exhibited in Figure 8. At mean xi = 0.15, it 
confirms E[TCU(TA*, n*)] = $2,459,701 (i.e., the optimal solution of our example). The end items’ quality cost has the most 
impact when mean xi rises. The common components’ variable, setup, and quality relevant costs also knowingly surge as the 
mean xi increases. Fig. 9 analyzes the detailed cost contributors of E[TCU(TA*, n*)]. Two main cost contributors are variable 
costs for end products and common parts; each takes 42.28% and 29.53%. The common parts’ expediting expense of 7.58% 
is the third-largest contributor. The fourth-largest contributor is the overall (both stages) quality relevant costs of 5.19%. It 
follows that the retailer’s holding and setup cost 4.55% and 4.18%. Then, the end products’ delivery cost 2.85%. 
 

  
Fig. 9.  The detailed cost contributors of E[TCU(TA*, n*)] Fig. 10.  The detailed cost contributors to system quality 

cost in E[TCU(TA*, n*)] 
 
The analytical outcomes of overall quality relevant costs are exhibited in Figure 10. It indicates the variable cost for the 
makeup end items (due to scrap end products) contributes 65.55%, the most in quality cost. The disposal cost for scrap end 
products contributes 23.29%, the second-largest quality cost. It follows that the variable cost for the makeup common parts 
of 8.99% is the third-largest quality cost component. Fig. 11 depicts the expedited ratio (PT1,0 / P1,0) effect on the optimal 
uptime t0*. At (PT1,0 / P1,0) = 1.5, stage one’s optimal uptime t0* declines to 0.0474 (years) from 0.0704, a 32.67% drop. 
 

  
Fig. 11.  The expedited ratio (PT1,0 / P1,0) effect on the 
optimal uptime t0* 

Fig. 12.  The impact on utilization relating to (PT1,0 / P1,0) 

 
Fig.12 discloses the influence on utilization relating to the expedited ratio (PT1,0 / P1,0). At (PT1,0 / P1,0) = 1.5, the utilization 
drops to 0.2536 from 0.3048, a 16.80% decline. Fig. 13 illustrates the collective effect of (PT1,0 / P1,0) and various mean xi on 
E[TCU(TA*, n*)]. As both (PT1,0 / P1,0) ratio and mean xi rise, E[TCU(TA*, n*)] significantly surges. At (PT1,0 / P1,0) = 1.5, it 
reconfirms E[TCU(TA*, n*)] = $2,459,701 (i.e., our example’s optimal solution). 
 

  
Fig. 13.  The collective effect of (PT1,0 / P1,0) and various 
mean xi on E[TCU(TA*, n*)] 

Fig. 14.  Comparison of our study’s utilization with a closely 
related existing work 
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Fig. 14 compares this study’s utilization with a closely related existing work (Chiu et al. (2016)). It indicates that by using 
the expedited rate for producing the common parts, our utilization drops a 16.80% compared to a similar model without 
expediting the common part’s fabrication. However, we are paying a price of 8.11% increase in E[TCU(TA*, n*)] (i.e., rising 
from $2,275,108 to $2,459,701; see Fig. 13).  

 
4.3.  The collective effects of critical system features on the problem  
 
The proposed model can provide production planners with the collective effects of critical system features on the studied 
problem. Figure 15 depicts the joint influences of the expedited-rate added output proportion α1,0 and mean scrap rate xi on 
E[TCU(TA*, n*)]. As both α1,0 and mean xi rise, E[TCU(TA*, n*)] noticeably surges. It reveals the mean xi has more influence 
on E[TCU(TA*, n*)] than that of α1,0.    
 

  
Fig. 15.  The combined influences on E[TCU(TA*, n*)] 
relating to α1,0 and mean xi 

Fig. 16.  The collective impact on E[TCU(TA*, n*)] 
concerning α3,0 and γ 

 
Fig. 16 reveals the joint impact of the expedited-rate added unit cost proportion α3,0 and γ on E[TCU(TA*, n*)]. It discloses 
E[TCU(TA*, n*)] slightly changes as both α3,0 and γ remain at the lower point, and E[TCU(TA*, n*)] upsurges severely, as 
both α3,0 and γ increase to the high end. Fig. 17 shows mutual effects of the expedited-rate added output proportion α1,0 and 
mean scrap rate xi on stage one’s optimal uptime t0*. As mean xi rises, t0* changes a little. In contrast, t0* noticeably declines 
as α1,0 increases. Also, it reveals that the changing of the n* value has caused an irregular variation in t0*. 
 

  
Fig. 17.  The mutual effects on t0* regarding α1,0 and mean xi Fig. 18.  The combined impact on TA* relating to γ 

and α3,0 
 
Furthermore, Fig. 18 exposes the combined impact of γ and α3,0 on the optimal replenishing cycle time TA*. As γ rises, TA* 
drastically decreases, and as α3,0 increases, TA* insignificantly varies. It reveals that γ has more impact on TA* than α3,0. The 
rising γ value has caused the n* value to change, and hence, TA* has a sharp decline accordingly. 
 
5.  Conclusions 
 
The present study utilizes mathematical modeling to develop a producer-retailer incorporated multi-item two-stage EPQ 
system with delayed differentiation, expedited-rate for producing common parts, random scrap, and multiple deliveries plan. 
Upon finding the overall system expenses function, Hessian matrix equations assist us in showing its convexity and 
determining the cost-minimized fabrication-delivery decision. A simulated example helps this study validate our research 
outcome’s applicability and the proposed system’s capabilities numerically. The critical contribution of the present study 
includes: (1) we propose a feasible/practical approach to enable the exploration of a producer-retailer incorporated multi-
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item delayed differentiation EPQ system with specific characteristics; (2) we further validate that our model can disclose 
different crucial system-related information to facilitate various critical decision-making for manufacturers to achieve their 
operational goals. A worthy investigation of future work is to examine the effect of incorporating the expedited rate for end 
products into stage two of the same problem.  

 
Appendix – A  
 
The following are detailed derivations of Eq. (26). 
By substituting Eqs. (1) to (24) in TC(TA, n) (i.e., Eq. (25)), employing the expected values E[x0] and E[xi] to cope with 
random scrap proportions, and computing E[TC(TA, n)] / E[TA], we gain E[TCU(TA, n)] as follows: 
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Let E0i, E1i, E00, E10, and E0j be the following: 
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By substituting Eq. (A-2) in Eq. (A-1), we have the following: 
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By substituting Eq. (A-4) in Eq. (A-3), Eq. (26) is gained as follows: 
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Appendix – B  
 
Table B-1  
The assumed parameters’ values for the corresponding one-stage system 

Product i CD,i xi CS,i KD,i P1,i Ki λi Ci h1,i h4,i h3,i 
1 $0.1 5% $20 $1800 58000 $17000 3000 $80 $16 $16 $70 
2 $0.2 10% $25 $1900 59000 $17500 3200 $90 $18 $18 $75 
3 $0.3 15% $30 $2000 60000 $18000 3400 $100 $20 $20 $80 
4 $0.4 20% $35 $2100 61000 $18500 3600 $110 $22 $22 $85 
5 $0.5 25% $40 $2200 62000 $19000 3800 $120 $24 $24 $90 
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