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1. Introduction

According to the modern view, uncertainty is considered essential to science; it is not only an
unavoidable phenomenon but has, in fact, a great utility in real world applications. In essence,
uncertainty occurs not only due to a lack of information but also as a result of ambiguity
(impreciseness) due to the semantic statements by experts. In context of the inventory management,
experts usually make interval-valued or linguistic statements about the time parameters and relevant
data of inventory system. These interval-valued or linguistic statements lead to non-stochastic
uncertainties. The fuzzy set theory was developed to model uncertainties in non-stochastic sense.

During last two decades, several researchers have investigated various types of inventory problems in
fuzzy environments to model uncertainties in non-stochastic sense (e.g. Park; 1987, Chen et al.; 1996,
Roy and Maiti; 1997, Chang and Yao; 1998, Lee and Yao; 1999, Kao and Hsu; 2002, Chen and
Ouyang; 2006, De & Goswami, 2006; Roy et al.; 2008). In aforementioned studies, the common
feature is that the parameters (demand, cost coefficients etc.) were assumed to be triangular fuzzy
numbers or trapezoidal fuzzy numbers. From literature survey, there are few literatures considered the
parameters to be fuzzy variables. For instance, Wang et al. (2007) constructed EVM for EOQ model
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without backordering by characterizing the holding cost and ordering cost as fuzzy variables. Wang and
Tang (2009) considered EVM for the EPQ problem with backorder in which the setup cost, the holding
cost and the backorder cost are characterized as fuzzy variables, respectively. Recently, Soni and Shah
(2011) developed fuzzy expected value production model by characterizing demand and production
preparation time as fuzzy variables.

In recent years, researchers studied inventory problems for non-instantaneous items under different
conditions. For example, Ouyang et al. (2006) studied an inventory model for non-instantaneous
deteriorating items with permissible delay in payments. Geetha and Uthayakumar (2010) extended
Ouyang et al.’s model incorporating time-dependent backlogging rate. However, both models consider
constant demand rate and cost minimization objective. The assumption of constant demand is quite
impractical in reality. It would be more realistic to consider the demand as selling price dependent. The
basic idea is that price setting will influence the demand and potential profit. Therefore, we consider
demand to be price sensitive.

Based on above discussion, we consider the time parameters, the holding cost rate and interest
paid/earned rate in Geetha and Uthayakumar (2010) model may be varied slightly owing to some
uncertainties in non-stochastic sense or uncontrolled environments. In addition, instead of constant
demand rate we have assumed the demand rate as known, continuous and differentiable function of
price. By incorporating above concepts we solve the new inventory model in the fuzzy sense. The
main purpose of this study is to extend the paper of Geetha and Uthayakumar (2010) with a view to
make the model more relevant and applicable practically.

The rest of the paper is organized as follows: In Section 2, the assumptions and notations which are
used throughout the article are presented. In Section 3, fuzzy expected value model to maximize the
total profit is formulated. Solution methodology comprising some useful theoretical results and
algorithm to find the optimal solution is carried out in Section 4. Numerical examples are provided in
Section 5 to illustrate the theory and the solution procedure. Finally, we draw a conclusion in Section 6.

2. Assumptions and Notations

The following notations and assumptions have been used in developing the mathematical model in this
article.

2.1 Notations

A The ordering cost per order.
M Trade credit period.
c The purchasing cost per unit.
p The selling price per unit (p > ¢).
h The inventory holding cost rate excluding interest charges rate which is imprecise in nature.
¢, Unit shortage cost per unit time.
¢ :  The cost of lost sale per unit.
i :  The interest paid per dollar per unit time which is imprecise in nature.
P
i : The interest earned per dollar per unit time which is imprecise in nature.
0 : The order quantity.
t : The length of time in which the product has no deterioration.
t : The length of time in which the inventory has no shortage.
f . The length of period during which shortages are allowed.
T : Length of replenishment cycle, hence 7=, + #;.
0 : The deterioration rate of the on-hand inventory over [#, t,].
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I1 ( Dotyot, ) :  The total profit per unit time of inventory system.
E(.) * Expected value of (.)

2.2 Assumptions

(D The inventory system involves single non-instantaneous deteriorating item.

2) Demand rate D (p) is any non-negative, continuous, decreasing function of the selling price.

3) During the fixed period, t;, the product has no deterioration. After that the on-hand inventory
deteriorate with constant rate 0, where 0 < 6 < 1. For simplicity, we assume that t; is given
constant and t; < t,.

4) There is no replacement or repair of deteriorated units during the period under consideration.

%) Shortages are allowed and backlogged partially. We assume the fraction of shortages backorder

is 1/ (1+5x), where x is the waiting time up to the next replenishment and J is backlogging

parameter 0 < ¢ < 1. This function has been utilized by many researchers (e.g. Abad (1996,
2001), Dye (2007), Geetha and Uthayakumar (2010)).

(6) During the trade credit period, M, the account is not settled; the revenue is deposited in an
interest bearing account. At the end of the period, the retailer pays off the item ordered, and
starts to pay the interest charged on the item in stock.

@) Replenishment rate is infinite and lead time is zero.

®) The system operates for an infinite planning horizon.

9 Holding cost rate, interest paid rate and interest earned rate are imprecise in nature and assumed
to be non-interactive fuzzy variables defined on credibility space (X o P(X ; ) ,Cr, ) ,i=1,2,3.

3. Model Formulation
3.1 The crisp inventory model

The inventory system evolves as follows: () units of items arrive at the inventory system at the
beginning of each cycle. The inventory level is declining only due to demand rate over time interval [0,
t1]. The inventory level is reducing to zero owing to demand and deterioration during the time interval
[t1, t2]. After that, inventory level becomes zero and shortages begin to be accumulated during [, T).
The process is repeated as mentioned above.

Based on above description, the status of inventory at any instant of time te[O,T ] is governed by

differential equation

-D(p) 0<t<y

d{T(tL 01()-D(p)  n<i<p,

t D

-D(p)/(1+5(T-1)) t,<t<T

with boundary condition / (0):Q1 and / (tz)zo. The solution of Eq. (1) is
I (t) forO<z<t

i (10 1

T I1,(t) fors, <t<t, )
I,(t) fort,<t<T @

where
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13(t):%(p)[ln(l+5(T—t2))—1n(1+5(T—t))]

Also, the ordering quantity over the replenishment cycle can be determined as

D(p)In(1+6t,) 3)
o

Qzll(O)—I3(T)=¥[ ) 1y, |+

The profit of the inventory system consists of the following components.

1. The ordering cost (C,) is 4.
2. The inventory holding cost ( C,) per cycle is given by

C,=h['1,( dt+hj hD(p)[%(eg(’r")—1)+§+%(eg(’ﬁ) —0(t2—t1)—1)}

3. The shortage cost (C, ) per cycle due to backlog is given by

.= f ()= PP (71 ) (15 ))]= 2

[§t n(1+61,)]

4. The opportunity cost (C, ) due to lost sale per cycle is given by

¢ =c,D(p)LT{1—1+5(1T_t)}dt= C’Da(p)[ag ~In(1+61,)]

5. The purchase cost (C,) is given by

C,=cxQ :%ﬁp)[eg(’f") -0(1, —tl)—l]—%(p)[% ~In(1+61,) |+eD(p) (1, +1,)

6. The sale revenue (R) is given by

R=p><Dot2D dt+J p)/(1+8(T - l‘))dt}zpD(p)(tz-i-lg) [5t n(1+61)]
Next, based on the parameter values #,, , and M, there are three cases to be explored.
Casel: 0<M<np

L, (t)dt

Interest paid = IR, =ci, J.; 1, (¢)dr + cipjt2

4

- cipD(p){—(t1 _eM) (e‘g(tz_t‘) —1) +—(t1 _ZM) +%(eg(’2"‘) -6(1,-1,)- 1)

: 2
Interest earned = /E, = PieIOMD(p)tdt _ PleD(;)M

Case2: H<M<t
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_ci,D(p)

Interest paid = IP, =i, I; 1, (¢)dt 2

(€™ —0(r,- M) -1)

: 2
Interest earned = /E, = PieIOMD(p)tdt _ pi,D (;)M

Case3: M>t,

Interest paid = /P, =0

Interest earned = IE, = pi, U:D(p)tdt+(M—tZ)D(p)tz} = pi, [D(p)z‘2 (M—t2/2)]

Hence, the total profit per unit time for each case is

“4)

I, (p,ty,1,) = [R—(Ca +C,+C,+C+C, +[R—1Ei)},i=1,2,3

L+t

Hence our crisp problem is
I, (p,t,,t,) if 0< M <t

max I1(p,t,,t;)=111,(p,t,,t;) ift, <M <,
I, (p.t,,1,) if M > 1,

where I1,( p,t,,t;),i =1,2,31is given by Eq. (4).

3.2 Fuzzy Expected Value inventory model

In this article, we have considered the holding cost rate, interest paid rate and interest earned rate as
fuzzy variables to tackle the reality in more effective way. When the parameters/, i, and i, (as per

assumption) treated as fuzzy variables, the above inventory expressions become fuzzy and thereby the
total profit per unit time becomes fuzzy variable on the credibility space (X , P(X ) , Cr) . If the decision

maker wants to determine optimal pricing and inventory policy such that fuzzy expected value of the
total profit is maximal, a fuzzy EVM can be constructed as follows,

E[T1L,(p,t,,t,) ] if 0< M <¢,
max E[I(p,t,.t,) |={E[TL,(p.t,.1,) ] if t, <M <1, )
E[TL(p.t,,t;) | if M > 1,

1

where E[II, (p,tz,tS)]:El {R—(CO +C,+C,+C+C, +ié—ﬁ§,.)}l,i:1,z,3

P

Next section carried out the solution methodology for fuzzy EVM along with theoretical results to
identify global optimal solution for( p,z,,t;).
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4. Solution Methodology

Using linearity of operator E the fuzzy EVM given by Eq. (5) can be reduced to following single
objective crisp problem.

E[T1,(p,t,,t;) ] if 0< M <¢,
max E[(p,t,.t,)|=4{E[TL,(p.t,.t;) ] if t, <M <1,

(6)
E[TL,(p.ty.ty) | if M > 1,

where E[T1, (p,t,,t,) ] = [R—(CU +E[G,]+C.+C+C, +E[I~E:|—E[I~Ei])}

L+t
fori=1,2,3.
Casel: 0<M<n

From Eq. (6), the expected value of the total profit during the replenishment cycle per unit time can be
written as follows,

ee(trtl)_ L—14)- ~ -
B[, (p.toot) ] =(P=c) D(p)- Dir) H( o h) 1)(E[h]+c(9+E[ip]))

(1, +1,)

E[iz]tf . cE[Q, |(t, -MY E[iz]tl +cE|i, |(t,-M) (eg(lz_l]) _1) (7)
2 2 o

+(s+§(p—c+l))(§t3_1n(1+5t3))+ A }_pE[ﬂle‘

+

o’ D(p)

To maximize the expected total profit per unit time, it is necessary to solve the following equations
simultaneously.

GE[I,(ptyt)] 1 | U ey
- 0" (p,t,,6.)-D(p)l—— Lyl =g (8)
o, (L+6)] (p.t2,1:)=D(p) 0 e
aE[Hl(patzvts)] 1 I (1) V(p)t3
= " (p,t,.t,)-D(p)d——L2L =0
ot, (,+8)] (ptot)=D(p) 1+ 6t ©)

8E[H1 (p.t,.1,
op

)] —[D(p)+D'(P)(PC)][1

st ~In(1+51) E[i M’
5(t,+ty) 2(t,+1,)

' o) g L-4)-1U, E h 112 E|i —M ?
D(p){(e ) U O 1A o

A0 _ 1\ E|i |[M?
+(e 5 ) 2+(S;251)(5t3—1n(1+§t3))+ 4__° [Z] ]0



H. Soni and K. A. Patel / International Journal of Industrial Engineering Computations 3 (2012) 287

where U, :E[iz]+c(9+E[fp]),U2 :E[iz]tl +cE[zfp}(t1 -M), V(p)=s+5(p—c+l)

and Hgl)(p,tz,g)=(p—c)D(p)—E[H1(p,tz,t3)].

In order to identify optimal solution for( p,tz,t3) , firstly we prove that for any given p, the optimal pair
of values (1‘2,t3 ) not only exists but also is unique. Once this is done, we shall derive the existence of p

for optimal pair of values(1,,,).

From Egs. (8) and (9) we obtain respectively,

U, (e™ -1 (11)
Hgl) (pat27t3) — D(p){¥+(]2e9(tztl)}’
V(p)t (12)
" =D 2
1 (patzatz) (p){ 1+o1, }
Equating right hand side of Eqgs. (11) and (12) we have
O(1,-1,) -1
Y (e )+U2e9(’2"') _r(p)s (13)

0 1401,
For convenience, let K (¢, )denote the left hand side of Eq. (13), that is,

U eg(fz*fl)_l
KI(Z2)= 1( 5 )+Uze‘9(’zf|)’

which implies

K (1) (14)

t =
PV (p)-0K, (1)
Thus, #; is a function of #, and p.

Now, we substitute Hgl) ( p,tz,ZS) into Eq. (11) and making some algebraic manipulation, we obtain

D(») Ul(ee<tz—tn>_1)(1—9(t2+t3)) U, (t,~1) E[iz]tf cE[I, ](t,-M)

(t,+1,) 6’ T 2
) o (15)
Ui (zzt1)(1_9(12+t3))_&+V(p)(5t3—in(1+5t3))+ 4 pE[i,[M I
0 0 5 D(p) 2

Motivated by Eq. (15), we assume an auxiliary function, say F, (1, )., €[#,,%), where
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U 0(-1) _ _ _ 71,2 bl _ 2
l(e 1)(1 9(t2+t3))_U1(;2 tl)+E[h]tl CE[ZP}(ZI M)
0’ 0 2 2
U (1-0(+1)) U, V(p)St-ln(1+8n)) a4 pE[i, M (16)

J’_

" 0 0 5 p(p) 2

and #; is given as in Eq. (14). Differentiating F (lz)with respect to #,, and using the relation in Egs.
(13) and (14) we get

dr (t (17
ahln) ~(U, +6U,)e™ ) (1, +1,) <0

dt,

Thus, F (t2 ) is strictly decreasing function with respect to¢, € [tl,oo) and it can be shown that as #, gets

larger £, (tz approaches to —oo . Moreover,

E[ﬂtlz oE II_M)z+U2(1—¢9(zl+t;))_&+V(p)(ét;—ln(1+5z;))+ 4 _pE[fp]Mz
2 2 0 0 5’ D(p) 2
Wheretézﬁ
2

Now, the optimal value of #, depends on sign of F, (tl) s0 we examine two sub-cases as follows:

Sub-case 1.1: Let £ (#,)>0. As F,(t,)is strictly decreasing function ofz, €[f,,%0), using intermediate
value theorem, there exists unique value of # (sayt,, €[f,,)) such thatF (s, )=0 ie. t,, is the

unique solution of Eq. (8). The corresponding value of ¢, , can be found from Eq. (14).
Sub-case 1.2: IfFj(#,)<0 thenF(s). SinceF,(z,) is strictly decreasing function oft, €[#,0)and
OE[T1,(p.ty.t) ] /6t2 <0,Vt, €[1,,). Hence, optimal value occurs at point £, =¢ and corresponding

optimal value of z,can be found from Eq. (14) and is given by

6’V(p)—U2 '

Summarizing the above arguments, we obtain the following result.

Lemma 4.1: For known p, we have

(a) If F,(t,)>Othen there exist unique pair of values (t,,t;) =(¢,,,4,, ) which satisfies Eqs. (8-9).

. . U
b) If F, (¢, ) < 0 then the optimal value occurs at point (¢,,¢,) =| ¢,,———2>—— |.
(b) IfFy(1,) p point (£, (1 9V(p)—U2J

Suppose (t;'l , t;l) denotes the optimal value of (t,,#, ) then we can obtain following result.

Theorem 4.1: For known p, the expected value of total profit function E [Hl ( p,tz,t3)] is concave

and attains its global maximum at point(t,,t,) = (.., ).
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Proof: From lemma 4.1 the pair of values (t;I,t;l) which maximizes expected profit function

E[H1 (p.t,ut, )] for any p is given by

L.t ), if A(4,p)=>0
(t* t* ): (241 3.1)U ( ) (18)
21043 (t“—ZJ, if A(A,p)<0
oV (p)-U,
From Egs. (8), (15) and (16) we have
aE[Hl(p’tzata)]:D(I’)E(tz) (19)
ot, (t,+1,)
Atpoint(z,,t,) = (t;l,t;l)
_azE H 5t ,t | 6y~ * *
[ la(tf 2 =—(U1+¢9U2)e9(2'l t‘)(t2A1+t3A1)<O
L 2 (215 ):(t;]’t;l)
Furthermore, we can obtain from Eq. (9)
[O’E[T1,(p,t,,t,)]] 1 .. V(p)t
I: la(tz : 3)] T L {Hgl) (p,l‘znt;l)_D(p)( l(pé')t*l]]}
- ’ —(’z’fs):(’;.pf;]) (t2~1 +Z3~1) ok
L1 o (p) _D(p)V(p)
(t;I +t;.1) at3 (12,[3):(1‘;_1,[;_[) (1_'_5l§1)2
_ 1 0E [T, (p.1:.1,)]| D)) DV (r)
(e, + 15, ot ey L+ 80,) (G, +0 ) +60,)

oL,

and {82E[H1 (p’t2’t3)]

} =0. Moreover, the determinant of the Hessian matrix at point
(’2,’3)=([;,1J;|)

(tzstz) = (t;.lat;.l ) gives

>0

|H| = D(p)(Ul + eUz)V(p)eg(t;’l_t‘)
(1+1,)

Thus, the Hessian matrix is positive definite at point(tz,t3)=(t;1,t;1). Hence, the pair of values

(t;1 s ) gives global maximum of the optimization problem (5). This completes the proof.
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Next, we analyze the condition under which the optimal selling price also exists and is unique. For the
pair of values (4,.t,)=(t;,.5;,)the necessary condition for E [H, ( Dsty sty )] to be maximum is

GE[H1 (p,t;,l;l )]/8p =0. That is,

s, ~n(1+61,) E[i |M*

aEI:Hl (pﬂt;.l’t;‘l):l +
5(1;1 +t;1) 2(t;-' +t;')

op

[D(p)+D'(p)(p—C)][1—

(a,+5)) 0’ 2 2 (20)
(ea(t;l—’l) —])U2 (S+5l) . ) 4 CE[Z}Mz
+ 7 + g (531 _ln(1+5t3‘1))+D(p) - > =0
Since,
1_5t;1—1?(1t5z;ﬁ1)+ E[Z]MZ >1_§t;1—ln(*l+5t;l)+ E[Z]MZ zln(1+*§t;1)+ EMMZ o
5(t2.1 +t3.1) 2(ZL241 +t3.1) 5t3.1 2(1(2'] +t},1) 513.1 2(t2,1 +t3‘1)

It follows from (20) that OF [Hl ( Dsty sty )] / Op = 0 has a solution if

D(p)+D'(p)(p—c) <0 (cf. Dye; 2007)

Furthermore, following Dye (2007) we have,

azE[ngl]:;t;,lat;,l)] —[2D'(p)+pD"(p)][1

s, ~n(1+6%,) E[i M’
+
s(h.+6,)  2(a,+8,)

~ D"(p*) [c(t;‘ll_kt;)[lé‘t}l1n(1+6t3‘1):l

(6. +1,) 5, +1,)

(ot —e) 1o E[ie ea[i, Y-y

+
6’ 2 2 (21)

(eg(tmtl) _1jU2 (s+5l)
+ 2
7 1)

+

(51;‘1—1n(1+5t;l))+DA —~ }<O
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Thus, there exist unique optimal selling price p, that satisfy (10). Note that the lower bound of optimal
selling price (say p, ) is the solution of D(p)+D'(p)(p—c)=0such thatoE [Hl (p,l;,t;] )]/ﬁp =0.

Case2: 1<M<t

From (6), the expected value of the total profit during the replenishment cycle per unit time can be
written as follows.

) _ (1 — )=
B[, (ptats)] = (p ) D (p) -2 H( o) )(e[i] o)

(t,+1,)

+ E[h]tf + E[h]tl (eg(tz"‘) —1)+ (S +5(p2_c+l)) (5t3 ~In(1+ 5t3))
2 0 s 22

(" =0 (2, - M) -1) pE[fp]Mq

- A
+ pp CEI:ZP:'_'_D([))} 5

For known p, the necessary conditions for the expected total profit function in (22) to be maximum are
OE[I1, (p.t,.ty) ] /0t, =0 and OE[T1, (p.t,.t,) | /ot, = 0, which give

aE[Hz(pat25t3)] 1 () 0ty - - -
— I Jt,,t.)—D {U CE) —“1)+U 0, -1) U 0(1,~M) -1 }:|:(
ar, (6, +6,)L 7 (pt2st,)=D(p){Us e J# UL U (e ) 23)

OE[TL, (p,tyt,)] 1 H(ZI)(p,tz,t3)—D(p){V(p)t3 HZO

o, (1, +1;) i (24)

E[iz]+06’

where U, = ,U4=E[fz]tl,U5=

and I (p.t,,1,) = (p—c) D(p) - E[ 11, (p.t,.1;) ]

We want to find the pair of values (tz,t3 ) which satisfies Eqgs. (23) and (24) simultaneously. From Egs.
(23) and (24) we obtain respectively,

1 ()= D)0 (e ) 0, (o) @9

1 4 3 (26)
) ()= D(r) 52 |

Equating right hand side of Eq. (25) and Eq. (26) we have

(]3 (e‘g(’z*’l) _1) + U4€9(lrll) +U5 (69(‘2*"”) _ 1) — II_(*—pé‘)l‘t3
3 (27)
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For convenience, let K, (¢, ) denote the left hand side of Eq. (27), that is,
K, (tz) =U, (eg(’r") - 1) + U4e9(frtl) +U, (ee(tz—M) _ 1)

which implies

K, (tz) (28)

TV (p) -0k, (1)

Thus, #; is a function of #, and p.

Now, we substitute I1\( p,z,,t,) into Eq. (25) and after little calculation we obtain

D(p) |Us(e" ™ -1)(1-0(1,+1,)) u E[R]g U (1-0(t, +1,)) (29
(1, +1,) Z ~Ulh-h)+ 2 Z
_ﬂJrV(p)(ég—in(1+5t3))+U5(er="<t2M)_1)(1_.9(z2+t3))_U5(t2_M)Jr y _pE[i:]MZ )

0 o 0 D(p) 2

Motivated by Eq. (29), we assume an auxiliary function, say F, (t,),t, € [M, ), where

U, (eg“ffl) —1)(1—(9(t2 +1,))
0

E[h]g . U (1-0(1,+1,))

~U,(t,—1,)+ 5 5

Fz(tz)z

_ﬂJrV(p)(g%_1n(1+5¢3))+U5(69<trM)_1)(1—9(t2+t3))_U (t-11)s .
Z 5 Z T D

and #; is given as in Eq. (28). Differentiating F, (tz)with respect to #, and using the relation in Egs.
(27) and (28) we get

dF, (1) (0)

“a T _[(U3 +U,)e" ) ¢ e‘Q(”’M)Us]H(t2 +4,)<0
Thus, F,(1,)is strictly decreasing function with respect toz, e[M,0) and it can be shown that as #,
gets larger F, (1,) approaches to—oo.

Summarizing the above arguments and as discussed earlier in case 1, we can obtain the following
result.

Lemma 4.2: For known p, we have

(a) If F,(M)=>0then there exist unique pair of values (¢,,t,)=(t,,,t,,) which satisfies (23) and
(24).

. | K, (M)
b) IfF, (M) < 0 then the optimal val t t =M, 2 )
(b) If F, (M ) < 0 then the optimal value occurs at point(z,,z;) { 7 (p)-oK, (M)j
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Suppose (t;'z, t;) denotes the optimal value of (¢,,t,) for case 2 then we can obtain following result.

Theorem 4.2: For known p, the expected value of total profit function £ [Hz ( p,tz,t3)} is concave

and attains its global maximum at point(z,,,) = (t;'z, ;)

Proof: Analogous to theorem 4.1.

Next, the condition for existence and uniqueness for the optimal selling price can be derived
analogously as in Case 1. Consequently, there exist unique optimal selling price, denoted by p,, that

satisfy OF [Hl ( Doboostss )} / op = 0 which is given by

OE |:H1 (pat:,zat;z )]
op

SR = SN 6T

D) (e‘g(’;f")—e(t;‘,z—tl)—ljUs E[h]s} (eg(’;rt‘)—ljUJH&z)

(t;2+t;2) 5 o 5 it (5t;2—1n(1+5t;2:
(ea(t;zM)—H(t;z—M)—l)U y CE|:Z~::|M2 31)
+ 5 5+D(p)_ .
Case3: M>1,

From Eq. (6), the expected value of the total profit during the replenishment cycle per unit time can be
written as follows.

L o (r ) -
E[TL (potyt)] = (p-e) D(p) -2 H( ol ~) 1)(E[;;]+ca)

(t,+1,) 6’

+

E[Z]tl + E[Z]tl (eg(’z”‘) —1) + (s+ 5(22_0 +1)) (6t,—~In(1+61,))

J’_

D(Ip)}_pE[’z]fz (M—fz/2)} (32)

For known p, the necessary conditions for the expected total profit function in (32) to be maximum are

OE[I1,(p.ty.ty)|/0t, =0 and@E[ T1,(p,t,.1,) | /ot, =0, which give

E ()] 1 )0 pi
3at2 - :(tz+t3)_Hgl)(p,zz,zs)—D(p){Us(ee( 1)U )M ) [=0 33)

- 1 | (34)
aE[Hséif )] :(tzitB)_Hg)(p,fzafs)—D(p){V(p)t H:O
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where Hgl)(p,tz,g)=(p—c)D(p)—E|:H3(p,tz,t3):|

Proceed in the same manner as Case 2 it follows from Egs. (33) and (34),

L K(s) (35)
’ V(p)—5K3 (tz)

where K, (1,) = U, (eg(’f") —1) +U,e") —pE[i:](M ~1,)
Now, we substitute T\ (p.t,.t,) into Eq. (33) and after little calculation we obtain

D(p) |Us(" -1)(1-0(1, +1,)) E[R]8 U (1-6(1, +1,))

~U,(t,—t,)+ +
(t,+1,) 0 2 0
(36)

e O 0] e[ ot -/ 2)~(0 ) )] -0

Motivated by Eq. (36), we assume an auxiliary function, say F; (1, ),t, €[t,, M ], where

U, (" -1)(1-0(r, +1,)) E[h]g . U (1-6(1, +1,))

F3(t2)= 0 —U3(l‘2—l‘l)+ 5 ;
U, Vip)lot,—In(1+0t ~ A (37)
_74_'_ ( )( 352 ( 3))—pEI:ze][tz(M—t2/2)—(M—t2)(l2+t3)]+m
and £ 1s given as in Eq. (35). Differentiating F; (t2 ) with respect to #,, we get
dF t t,—t, n (38)
;t(zz) =—[(U3 +U4)¢9e‘9(2 2 +pE|:le:|:|(l‘2 +1,)<0

Thus, F,(1,)is strictly decreasing function with respect tot, €[z, M.

For notational convenience, let A, = F;(M )and A, = F,(1,)

Lemma 4.3: For known p, we have

(a) If A, <0<A,then there exist unique pair of values (¢,,t,)=(t,;,t,,) which satisfies Egs. (33-

34). £(6) J |

V(p)-0K (1)

K, (M) j

If A, >0 then the optimal val t point (2,,t,)=| M, .
(©) ;>0 then the optimal value occurs at point (z,,t,) [ 7 (p)- 0K, (M)

(b) If A, <Othen the optimal value occurs at point (#,,t,) = (zl ,
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Proof: (a) Since F3(t2)is strictly decreasing function with respect toz, e[tl,M ]and by assumption
A <0<A, = F,(M)<0<F,(t,) we can find t,(sayt,, €[t,,M]) such that F;(¢,;)= 0.
The corresponding value of ¢, =t,, can be obtained from Eq. (34). This implies that the pair

of values (tz, t,) which satisfies (33) and (34) not only exists but also is unique.

(b) If A, <0 thenF()<0. Since F(t,)is strictly decreasing function ofz, €[t,M];
GE[H3(p,t2,t3)]/8t2 <0, Vt,€[t,M]. Hence, optimal value occurs at point f, =t and
K, (t) |
V(p)-9dK,(1)
(¢) If A >O0thenF;(M)>0. Since F(1,)is strictly decreasing function of 1, e[s,M];
6E[H3(p,t2,t3)]/6t2=D(p)/(t2+l3)F3(t2)>0, Vi,e[t,M]. Thus  E[TL,(p,t,.t;)]is
strictly increasing over[tl,M ] Hence, maximum value occurs at point ¢,=M and
K1)
V(p)-6K,(M)

Suppose (z‘;, t;) denotes the optimal value of (t,,, ) for Case 3 then we can obtain following result.

corresponding optimal value of ¢, can be found from Eq. (35) and is given by

corresponding optimal value of ¢ can be found from Eq. (35) and is given by

Theorem 4.3: For known p, the expected value of total profit function E [H3 ( p,tz,t3)} is concave

and attains its global maximum at point(z,,,) = (t;S, t;3) :

Proof: Similar to theorem 4.1.

Next, the condition for existence and uniqueness for the optimal selling price can be obtained similar
manner as in Case 1. Therefore, there exist unique optimal selling price, denoted by p; , that satisfy

l) [Hl (p,t;,t;)}/ap =0 where OF [Hl (p,t;,t; )]/8;7 given as,

* *

oE |:H1 (p, bsslys
op

) =[D(p)+D'(p)(p-c)]

o, -(1+o,) E [ |6, (M -1,)2)
5(643 + t;.s) 2(t;3 +[;-3)

x| 1

B D'(p) (eg(é}tl)_e(t;.a_tl)_l)Ua Elii’]tlz (39)

(6+05) 0 T

g(t;”l)—l)U > =7 o
(6 ; ' +(s;251)(5t;3—ln(1+5t;3))+DA CE[le]E[le][M (M tzs/z)
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Based on the concavity behavior of objective function with respect to the decision variables the
following algorithmic procedure was developed to identify global optimal solutions for( p,tz,t3) .

Algorithm 4.1:

Step 1: Input the values of all parameters. Select membership functions for holding cost rate,
interest paid rate and interest earned rate with appropriate parametric values.

Step 2: Set k¥ = 1 and initialize the value of p(k)ZP,a which is a solution of
D(p)+(p=c)D'(p)=0.

Step 3: Compare the values of M and #,. If M < #;, then go to Step 4 otherwise go to Step 5.
Step 4: Calculate A = F, (¢,)by Eq. (16). Execute any one of the following cases (4.1), (4.2).
(4.1) If A>0, obtain the values of (tﬁk),tgk)) by solving Egs. (8) and (9). Substitute the values

k+1)

of (tgk),tgk)) into Eq. (10) and solve to obtain the value of pl(k). Set p( = pl(k).

(4.2)
If A<O0, then set (z‘gk),tgk)) = tl,L . Substitute the values of (tﬁk),tgk)) into Eq.
v ( p) -U,
(10) and solve to obtain the value of pl(k) . Set p(k”) = pl(k).
Step 5: Calculate A, =F,(M)and A, =F,(#,)by Eq. (37). Execute any one of the following
cases (5.1), (5.2), (5.3).
(5.1) If A, <0<A,, obtain the values of (z§">,z§k> ) by solving Egs. (33) and (34). Substitute the
values of (zﬁ“,é’”) into Eq. (39) and solve to obtain the value of pl(k) . Set p(k“) = pl(k).
(5.2) K, (¢
If A, <Othen set (tgk),tgk)) = t,,# . Substitute the values of (ty‘),tgk)) into
V(p)-6K,(t)
Eq. (39) and solve to obtain the value of pl(k) . Set p(k”) = pl(k).
(5.3) If A, >0 then perform following steps.

(53.1) " Obtain the values of (tgi),tgg))by solving Egs. (25) and (26). Calculate

k) (k) (k)]
E[Hz(p( )vtgz)vtgz)) .

(5.3.2)

) =M K (M) J and then calculate

Set A1, ,
© (4.4 V(p)-0K, (M)

E[H3 ( p("),tg"),tg")) .

(533) ¢ E|:H2( p(k)’tgg)’tgi))}z E[IL( p<k>’t§k>’t§k>)}hen set (tgk),tgk)) _ (z(") z(k))

221732
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omervise 6,47}« - G
pP)- 3

(5.3.4)  Substitute the values of (tgk),tgk)) into Eq. (31) (or Eq. (39)) and solve to obtain

k1) (k)

the value of pl(k) . Set p( =D

Step 6: If‘ Pl _ p®) (k1) () (8)

< tolerance, then set (p:,t;,t;_i)z(p NN ), i=1or2or3,and go

to Step 7. Otherwise set k =k + 1 and go to Step 2.

Step 7: Compute E[H (p*,t;, t )] = max E[Hl_ (p,.*, bt )] and corresponding 7" and Q.

1<i<3
5. Numerical Example

To illustrate the above solution methodology on fuzzy EVM developed in this paper, four examples
(mostly of the data from Geetha and Uthayakumar; 2010) are considered. In this paper, we have
assumed the holding cost rate, interest paid rate and interest earned rate as fuzzy variable. Without loss
of generality, we characterize holding cost rate and interest paid rate as Trapezoidal and Triangle fuzzy

variable which are given by respectively h= (12,14,16,18) andl'; = (0.13,0.15,0.17). Furthermore,

interest earned rate (l: ) is characterized by arbitrary fuzzy variable £ with Cr {5 > t} given by

0 fort>0.13

54t—0.12 for 0.12<¢<0.13
Cr{th}z )

1—1250(0.12—t) for 0.1<¢<0.12

1 otherwise

Example 1: Consider an inventory system with following parametric values in appropriate units. 4 =
250, ¢ = 80, 8 = 0.08, 6 = 0.56, t; = 0.0685, M = 0.1233, ¢, = 30, ¢; = 25, D (p) = 2000 — 2.8 p,

E[iz] =15, E[z:] =0.15, E[zt] =0.12. By solving D(p)+(p—c)D'(p) =0, we obtain p, = p(l) =
397.14. Executing the procedure proposed in computational algorithm 4.1 we find that
(p".55.1) =(397.14,0.09264,0.00039) and hence corresponding E[H( PGt )] =$281,547.03, T*
=0.09303 and O* = 82.60.

Example 2: The same set of input data are considered as in the Example 1 except that #; = 0.0904, M =
0.1096. Applying the procedure proposed in computational algorithm 4.1 we find that ( Pt ,t;)=

* ok %

(397.20,0.09422,0.00319) and hence corresponding E[H(p A A )J = $ 280,996.68, T* = 0.09741
and O* = 83.92.

Example 3: The identical set of input data are considered as in the Example 1 except ¢; = 0.5014, M =
0.0548. Performing the procedure proposed in computational algorithm 4.1 we find that ( pot,t )=

(400.05,0.5014,0.02907) and hence corresponding E[n( Pt )]z $ 275,980.40, T = 0.53047
and Q* = 466.61.
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Example 4: The data are same as in the Example 1 except that #; = 0.0822, M = 0.0548. Implementing
the procedure proposed in computational algorithm 4.1 we find that ( J 2R ) =

(397.61,0.11788,0.01253) and hence correspondingE[H( J 2NN )] =$279,175.15, T* = 0.13041 and
0* = 115.64.

To show the efficiency of proposed computational algorithm 4.1, we run the algorithm with starting
value of p = 360. The graph (Fig. 1) shows clear concave function of # and #; for given p.
Consequently, the obtained solution is a global maximum solution.

The path lollowed by the algorithm to reach the maximum|[$.11788  .012527] when starting value of p = 360

e L i 002
0.14 e =" 001 I
016 =
0.8 0z 0

Fig. 1. Profit function (Example 4) with respect to t, and t3
6. Conclusion

According to the model of Geetha and Uthayakumar (2010), a new fuzzy EVM with generalized price
sensitive demand is formulated. In contrast to previous studies, we characterized the holding cost rate,
interest paid rate and interest earned rate as independent fuzzy variables to tackle the reality in more
effective way. A solution methodology along with some useful theoretical results followed by an
efficient computational algorithm is developed to determine the optimal pricing and inventory
decisions. The extended model is more effective as it can help the decision maker in subjective
decisions with control on selling price. In future research on this problem, it would be interesting to
consider other parameters viz. variable demand rate, partial backlogging rate etc. as fuzzy or fuzzy
stochastic.
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Appendix. Fuzzy Preliminary

Let X be a nonempty set, P (X) the power set of X and Cr be a credibility measure. Then the triplet (X,
P(X), Cr) is called a credibility space. Following Liu [9], the fuzzy variable is defined as follows

Definition 2.1: A fuzzy variable is defined as a function from a credibility space (X, P(X), Cr) to the
set of real numbers.
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Let & be a fuzzy variable defined on the credibility space (X, P(X), Cr). Then its membership function
u is derived from the credibility measure through

ux)=QRCr{{=x}) A I,x e R.

Definition 2.2: Let & be a fuzzy variable with membership function p. Then for any Borel set B of real
numbers,

Cr{ée B} :%(supy(x)+l—supy(x)

xeB xeB®

j (A.1)

Definition 2.7 (Liu and Liu [10]): Let & and r be a fuzzy variable and crisp number respectively then
the expected value E[£]is defined as

E[f]=J.OMCF{§2r}dr—war{fﬁr}dr (4.2)

provided that at least one of the two integral is finite. Especially, if £ is a positive fuzzy variable then
[ (A3)
E[.f]—_[o Cr{éZr}dr

Definition 2.4: An trapezoidal fuzzy variable & is specified by four parameters(a,,a,,a;,a,) where

a, <a, <a, <a, and is characterized by the membership function y £ given by

x—a
[ 1} fora, <x<a,

a, —4q,
( ) 1 fora, <x<a, (A4)
xX)=
lué a,—x
4
fora, <x<a,
a,—a,

0 otherwise

If £ be a trapezoidal fuzzy variable and ¢ be any crisp number. Then Cr {.f > t} is given by

0 fort<a,
1—0.5[1_—"1} fora, <t <a,
a, —a,
Cr{=t}=40.5 fora,<t<a, (A.5)
0.5{ ! J fora, <t<a,
a, —da,
1 otherwise

Making use of (A.3) we determine the expected value of the trapezoidal fuzzy variable
§=(a1,a2,a3,a4) to be,

a,+a,+a,+a, (A.6)

pl)= et
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Note: If we take a, = as in trapezoidal fuzzy variable then it reduced to triangle fuzzy variable.
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